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Functions

Cubic functions Draw graphs of cubic functions
Use graphs to find solutions,
Determine gradients of curves,
Estimate areas under curves.

Inverse functions Draw graphs of inverse functions.
Application of graphs of functions,
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Figure 1.1 Volume is measured in cubic units. We can find the maximum or minimum valume
of containers by using cubic functions and calculus.

Starter activity

I Given the equations of functions fix) =x%and g(x) = ¥* complete the
tollowing table of values.

E | 4| 3] =2 ==
,f'l;_k':l -_i =2 — L0 } 4 1 _—
g =x | | . | . | .

2 Draw graphs of these functions on the same set of axes by plotting the
points and connecting them with a smooth curve.

3 Discuss with a partner the similarities and the differences of the two graphs
you have drawn.

4 For both graphs, use the coordinates of the points to calculate the average
gradient of the curve between x = 1 and x = 2.

Topic 1 Functions




SUB-TOPIC1 Cubic functions

Determine gradients of curves

To draw the graphs of functions, we need to know which parts of graphs are
increasing, decreasing and stationary (have a gradient of zero).

Figure 1.2

Let's revise how to find the gradient m of a line segment. The average gradient of
a curve between two points is the gradient of the line segment connecting those
two points. 50 in the graph below, the average gradient of the function fbetween
Aand Bism = l;
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Figure 1.3
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How would we calculate the gradient of the curve at a point, say at C? We cannot
use the same calculation as for the average gradient, because we can't subtract the

¥ and x-values of a single point. What we really want is the value of the gradient
of the tangent to the curve at C.

New word

tangent: straight line that touches a curve at a single point

To Aind the gradient of the tangent we use a special calculation that finds the value
of the change in the y-values as the change in the x-values approaches zero. This is
called the derivative of the function and is indicated by f'(x) or r!':.
The derivative f'(x) at any point x on the curve of f(x) gives: .

* the gradient of the curve at that point

* the gradient of the tangent to the curve at that point.
To determine the gradient of a curve at a particular point, we need:

* the equation of the curve

* the x-coordinate of the point.

The process of finding the derivative is called differentiation. You will learn more
about differentiation in Topic 7. For now, you will use differentiation to find the
gradient of a curve at a point.

New words

B et of derivative: the derivative of flx) at the point X is equal to the gradient of the tangent to flx) at x
e &rad differentiate: to find the derivative of a function
ERecting thosc

fion between

Rules for differentiation
L Rl =g = The derivative of any constant ' Example: ['(6) =D
number is Zero.
RGN0 TR I f(x) = k™, then {(X) = #1 = kx- This warks for any power:
positive, negative or a [
fraction |

Sum rule If ) = flx) + gix), then B’ = () + 2'(x) Differentiate each term |
separately.

Difference rule F/EVESEE 2, then f'p) = ) -5 Differentiate each term
separately.
Note that all of the following can be used to indicate differentiation:

ey

2 =il = Dfx) =Dy

Filx) =y

Sub-topic 1 Cubic functions




Worked example 1

1 Find the derivatives of the following functions.
a) fi)=—2+322+9
b) gl)=2(x"-x)+9
2 Determine:
a) Lix(2x-1)(3x +5)]
b) R if hix)=x—632+9¢+ 16

Answers
1 a) f'{x)=-3x>+06x
by gix)=2(x"=x)+9

) =2x"-2x+9 Write the equation in standard form.

L g =8x—2
2-a) j‘lﬂxizx - 1)i3x + 5]
{;';_Lfiﬁx-' + 7x =511

= ‘;‘L{ 623 + 7x2— 5x) Write the equation in standard form.

182"+ 14x -5
by Hix)if hix)=x*-6x"+9x + 16
H(x)=3x*-12x+9

R il
1 Determine -=.
Hx

a) y=—x+3 b) p=x'+ éx

c) y=4x* d) y=3x*-10

e) y=4xt-3x-7 f) y=3x"+3x"+ 20x
g) y=(x+1)(x+2)(x+3) h) y=5x_x*

The gradient at a point

The derivative of a function gives us an expression that we can use to find the
gradient at a particular point. To calculate the gradient at a point, substitute the

x-value of the point into the derivative,

Worked example 2 '

1 Use differentiation to find the gradient of y» = 5x + 6 at the point where

=1k

2 Determine the gradient of the tangent to the curve f{x) = 5x° — 4x at the

points where:
ﬂ]- x=2 h} ¥=25.

lopic 1 Functions
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Answers
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fix)=5r-4x
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Worked example 2 (continued)

3 Determine the gradient of the function g(x) = x* + 4x* — 3x - 5 at the points:
da) ¥=-72 B x=3

4 Given that fi(x) = x* — 5x — 4, determine the value of x at the point on the
graph where the gradient is equal to 0.

Answers
1 %{:’u‘ =5
This is a constant, so the gradient is 5 at every point on the function.
{Without using differentiation, we can also see that this is a linear function
with a gradient of 5).
x) = Sx* 4y
i) = 10x—4 Find the derivative of fix).
a) Where x = 2, gradient = £(2)
2 =10(2)-4 =16 Substitute x = 2 into the derivative.
S0 the gradient of f(x) at x = 2 is 16.
b) Where x = 5, gradient = £'(5)
['(5)=10(5) -4 =46
50 the gradient of flx) at x = 5 is 46.
Borly) =23+ dy?. Fy_ 5
£ =32 +8x -3
a) Where x=-2, gradient = g'(-2)

§2)=3(2F+8(-2)-3=12-16—-3=_7
50 the gradient of g(x) at x =—2 is 7.
b) Where x = 3, gradient = ¢'(3)
£'(3)=3(3)2+8(3)-3=27+24_-3 =48
50 the gradient of g{x) at x = 3 is 48,
hx)=x*-5x—14

f(x)=2x~5
gradient = h'(x) =2x - 5=0

e o ind the
substitute the

* The gradient of a linear function is described by a constant.

* The gradient of a quadratic function is described by a linear expression.

* The gradient of a cubic function is described by a quadratic expression.
f— 4y at the

Sub-topic | Cubic functions
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* Where the
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positivi
gradiant

gradient of the tangent to the curve is pos
= Where the gradient of the tangent to the curve is negative, the curve is decreasing.

i

..l,

negative
gradient

Figure 1.4

v
i

« A line with a gradient of 0 is 2 horizontal line. So in Worked example 2 Question 4, the
horizontal tangent touches the graph where X = 29 and this tells us that the point with
the x-coordinate 2;— is the turning point of the graph.

h

Figure 1.5
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v
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m=0

This point is also called the stationary point of the quadratic function: at this point, the
gradient is equal to zero and the graph is neither decreasing nor increasing.

itive, the curve is inc




1 a) Determine the gradient of the curve fix) =4%* — 6x — 4 at the point

& nCreasing.
& Oecreasing.
where x = 2,
b) Is the graph increasing or decreasing at this point?
2 Calculate the gradient of the tangent to the curve ¢ at the point where x = —4
Hgx)=-3x"+5x+2
3 Given that fix) = x* - 5x - 4, determine the value of x at the point on the
graph where the gradient is equal to -1,
4 a) Calculate the gradient of the tangent to the curve y = (2x — 1)(x + 4) at
the point A where x = 1.
by Give the coordinates of A
5 Given that g(x) = x* — 6x% + 9x, is g increasing, decreasing ar stationary al
each of the following x-values?
ay x= J, b) x=1 ) e=2
d) x=3 e = ) x=<2
6 Given fiix) = x(x - 3)(2x + 4}, is h increasing, decreasing or stationary at each
of the following x-values?
a) x=-3 b} x=-2 c) x=-1

2 Question 4, the d) x=0 e x=1 fi x=3

the point with

What is a cubic function?

We know that a quadratic function has the standard form fixh=ax®>+ bx +

A cubic function has the standard form fix) = ax’ + bx® + cx + o,

For fix} to be a cubic function, the formula must have the term x7%, soa =0,
, + .

&
la
||.
|
|

Bx) =42

s point, the

Figure 1.8

New ward

cubic function: an eguation having a

power of 3. Sufrtopic 1 Cubic functions




Fig. 1.7 shows the graph of the basic function f{x) = ¥*with g(x) = ¥* - 2 being The value of a an
shifted two units down and h(x) = (x — 2)* being shifted two units to the right. e Ero part of the gx

POsITIve

The graph of f{x) = 1* intersects the axes in only one place. Compare this to the graph of ocel siinia
Tix) = x%. What do you notice? =monary poet

\ I — T

!
b i = e
—L v
[ = I g is nesative
I
Figure 1.8
= i L3
The features of cubic functions
The graph of a cubic function has:
* ajintercept e SicCe -
* between one and three x-intercepts
* al most two stationary points, which may be the local minimum and the
local maximum, or else the point of inflection A
* one point of inflection, which may or may not also be a stationary point. D0 T

Inzal maxinmum L

sfationary poent, where ' e 1,112
gradiant is zero +
|
2N |
y 1\ . f
/Concave \ | —throe Tintercepts |
[ diown o (TR : |
| by . ', /
\
| - ! ', |
| % f
| K v |
= G i,
N 1
| Vintercept / X
i W |
| . ; | ]
| point af inflection, \ /
|' where graph ———1 ™\, i i |
: SONCEVE U
| changes concavity \ e n |"
( \' f _—
| '\ / ¥ s |
| \ |
| ! .
| -'/‘r o=l minirmaem
¥ ¥ . Stationasry point, whera

gradiant is e

Figure 1.9
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=" — 2 being
S 10 the right.

mnum and the

fionary point,

The value of @ and the shape of the graph
The first part of the graph of a cubic function f1x) behaves as follows:
* Il ais positive, as x increases the first part of the graph goes up.

=0
lecal maximum
stationary point

| +ve slope
*va slope : D

v slope
e slope point of inflection
—

local minimum
stationary point

Figure 1.10a Figure 1.10b
* Itais negative, as x increases the first part of the graph goes down,

a<i

local maximum
stationary point

-va slope

—ve slope point of mflection

= i
\c slope

lecal minimum 1
stationary point

Figure 1.11a Figure 1.11b

You can see there are four possible shapes, The shape depends first of all on
whether the value of g js positive or negative. Let's explore further how these
different shapes come about.

Stationary points

Stationary points are the places on the graph where the gradient is equal to zero.
A cubic graph mayv have maximum of twao stationary points. This depends on
whether the derivative of the function has one or two solutions when it is equated
to zero.,

Sub-topic 1 Cubic functions




For example, Fig. 1.12 has stationary
points at (0, 0) and (4, —4).

* The local maximum is at (),

* The local minimum is at —4.

Note that a stationary point is not always a
local minimum or maximum point. In the
graph of a quadratic function, the stationary
point is always the turning point. In a cubic
graph, there may be a stationary point at the
point of inflection as well. You will see in the
next section that the peint of inflection is not
always a stationary point though!

Concavity and the point of inflection
We have seen that the derivative tells

us about the gradient of the curve.

We can also describe the concavity

of the graph. When the graph curves
downwards, we say the graph is

“concave down” and when the graph

curves upwards, we say the graph is

a

*
Figure 1.12

{0, Q)

| (4, —4)

F 3

“concave up”.

Concavity changes at the point
of inflection. Cubic graphs always
have exactly one point of inflection.

To find the point of inflection, we
need to find the second derivative
of the graph. This means the
derivative of the derivative. The

‘

Concawl l:jl HNT

fren

second derivative is indicated by [™(x). Figure 1.13

New word

sacond derivative: the derivative of a
derivative

Shape of the graph

* The derivative of a cubic function is a quadratic function. The stationary

poant of inflaction

COmcave up

fr=0 f=o

points of the cubic graph occur at the x-values where the derivative has
its roots. Figures 1.14 to 1.15 show the graph of a cubic function and
its derivative, a quadratic function. Look carefully at the shapes of these

graphs.

Topic 1 Functions
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e I,'

gk e

Figure 1.14a Figure 1.14b
It the derivative (the quadratic function) has no real roots, then the cubic
graph has no local minimum nor maximum.

gt |

L

Figure 1.15a Figure 1.15b

i ¥ action The point of inflection is at the x-value of the turning point of the

derivative. If the turning point of the derivative touches the x-axis, then
the point of inflection of the cubic graph is also the only stationary point.
So for a point of inflection to be a stationary point, it means that the
derivative has only one root.

! Rlx)

Fhe stationary
gerivative has
nction and

shapes of these Figure 1.16a Figure 1.16b

In Figs. 1.15a and b there are no stationary points.
In Figs. 1.16a and b there is one stationary point.

Sub-topic 1 Cubic functions
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Worked example 3

1 a) Is the graph of the quadratic function g(x) =-2* + 5x —4 concave up or
down? Test this by finding the second derivative of this quadratic function.
b) Draw a sketch graph of g(x).
c) If g(x) is the derivative of fi(x), sketch a possible graph of i(x) on the

same set of axes.

2 Find the second derivative of the cubic function flx) =x* - 3x® - 24x + 8.
Using the a-value and the second derivative, indicate where fix) will be
concave up and concave down and what the x-coordinate of the point of

inflection is.

Answers
1 a) ais negative, so the graph g(x) = =* + 5x — 4 turns downwards, i.e. it is

concave down.
gxy==-2x+5
ix) =-2

The second derivative is negative, therefore we can confirm it is concave

down.

b) Sketch graph of g(x) = —x* + S5x - 4:

The turning point occurs where g'(x) =-2x+5=0

50X = 2; and }':—13-;}3 + 5[2—,_15] —4=2

Find the zetos:
D=x*—5x+4
O=x-4x—-1)

Zerosarcx=4andx=1
c) We don't know the formula
for fi(x), so we can only
infer the general shape
in relation to its derivative, g(x).

2 fi=x"-3x"-24x+8
a is positive, s0 we know we
are working with a graph that

looks like this:
iix)=3x-6x—-24
f{x) = 6x~6

1
i v

i
f

f(25 22

ey

)

\ |
lI|

.I
afx|
Iu

I

nx

|

Figure 1.17

J
Figure 1.18

w (111N

So the point of inflection of fix) occurs where f"(x) =6x—- 6= 0

Zoralbar="]

Topic 1 Functions

So fix) is concave down where x < 1 and concave up where x > 1.
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Loncave up or
pEmatic lunction.

Bx) on the
—24x + 8.

Eflx) will be
the point of

e 1.0, 3t i3

I it IS concave

Activity 3 |

I For each of these quadratic functions-
(i) Use differentiation to show whether they are concave up or down.
(ii) Determine the coordinates of the turning point.
a) fixi=({x-3)2-8
b) gix}=-—x*-2x_5
cy hix)=x*+4x—-5
2 For each function:
(1} Delermine the stationary (turning) point(s).
(ii) Calculate the coordinates of the point of inflection,
(iii) Draw a rough sketch of the shape of the graph, showing where it is
concave up and where it is concave down,
a) fixyj=x'+x2_12
b) glx)=—x*-3x2+9x_5

The zeros of a cubic function

30 far we have worked out how to determine the shape of a cubic graph. We still
fieed to determine the x-intercepts of the graph.

What is a real zero?
There are three possible situations when you find the zeros of a quadratic function
X} = ax® + bx + ¢, depending on the value of the discriminant (A or # — dac).
A quadratic function always has either no real zeros or two real zeros (which
may be equal). This gives us three possibilities, shown below-
\

T.

F Y

Figure 1.19a Figure 1.19b Figure 1.19¢
No real zeros Two equal real zeros Two unequal real zeros

A<D A=10 A>(

1o solve an equation in the quadratic formula x = —2.= -"'r;-_:fj“*' » we fake the square root

of & - 4ac. The square root of a negative number is not a real number, so the equation
has no real solutions if 7 — 4a¢ < 0. This means that the parabola does not intersect with
the x-axis.

Sub-topic 1 Cubic functions 13




A cubic function has either one real zero, or three real zeros. Unlike a quadratic
equation, which may have no real solution, a cubic function always has at least
one real zero. If a cubic function does have

1€ tun does New words
three zeros, two of them may be equal. ;

s it zeros: the values of X where =0
This gives us the possibilities shown below: = fix)

solutions: the points where f{x) =0

..V
!

¥

v -

Figure 1.20a: Three real Figure 1.20b: Three real Figure 1.20c: One real root
roots, all different roots (two equal)

Finding the zeros of a cubic equation
First write the function in its standard form f{x) = ax* + bx* + cx+ d. Then set the
cubic function equal to zero, in other words ax’ + bx* + cx+ d = 0. Remember that
because there is always at least one real root, the cubic equation ax” + b+ ex+d=10
will have at least one factor.

This means that a cubic equation can always be written in the form
{x + p)(x® + gx + 1) = 0, which is one linear factor multiplied by a quadratic

exXpression.

Whether or not there are any other real roots depends on the remaining
quadratic expression.

Because you know how to solve a quadratic equation, you will be given cubic
functions in this form or in the fully factorised form.

To find the rest of the information about the stationary points and point of
inflection, you need to write the equation in the form fix) = ax’ + bx* + cx+ d,
by multiplying out the factors.

Worked example 4

1 Give the zeros of each function.
a) fix)=x(x+ 3 b) fix)={x-1)x-2)x-3)
¢} ) =(x-1)2x* -x-3) d) fixy=(x+5)x*+9x +20)
e) fluy=(x-1)"+2x+ 3 f) flix)=x(x*—81)

14 Topic 1 Functions




Worked example 4 (continued)

Answers
I a) Set fix) equal to zero: x(x+ 31 =0

M+ 3x+3)=0
Solve: x = 0 or x = -3 (repeated)

by (x—1){x=2)x-3)=0
Er=T x=2lorxy—32

C) (x-1)}2x*—x—-3)=0
Factorise the quadratic expression 2x* — x — 3:
x—12x=3)x+1)=0
I i,x:éurx——l
(X+5H+ 9%+ 200 =0
Xx+aHx+4)x+5 =0
~oXx=-=5 (repeated) or x = —4
x—1Mx*+2x+3)=0
The gquadratic expression x* + 2x + 3 cannot be factorised.
Check the discriminant: A = B*—4ac = 22 - 4(1)(3) = -8

- One real root Because A < 0, the quadratic equation has no real roots.
The cubic equation therefore has only one real root, x = 1.
xx—B1)=0
x(x - 9)(x + 9) = O (difference of squares)
Then set the s y=(or¥=90r¥=_0
Emember that

R by = cx+d=0
Activity 4

1 Find the zeros of the following cubic equations. State whether a root is

repeated and how many times.
a) (x—-5)x—-10x+25=0 b) (x-3x+4)=0

TG ) (XxX+2)¥+7x+10)=0 d) (x+1D2=-12x+200=0
e) (x+2}x+6x+10)=0 f) (x+1x—21x-3)=0

Be given cubic Write down the coordinates of the x- and y-intercepts for these functions:

_ a) flx)={x+2Px—-4) B fA¥)=alx=7F
and point of €) flx) = (x—4)p d) fix) =x'— 357 + 3x
: e) flx) =x"—12x° f) fix) = x(x% - 64)

g flx)=x"+6x" h) fix)=x"'-6x"+9x
i) Ax)=-x*+3x"_2x i ) =(x-2)3x»—-6x+7)

Sub-topic 1 Cubic functions 15




Draw graphs of cubic functions

We need to consider more features when drawing graphs of cubic functions than
for quadratic functions. There could be two stationary points, and we always need
to know where the point of inflection is. We also need the y- and x-intercepts. We
learnt how to find all of these in the previous section,

wked exam

How to draw a sketch graph of a cubic function

Step 1: Consider the sign of a to determine the general shape of the graph.

step 2: Give the y-intercept (this is the value of d when the equation is in standard
form fix) = ax® + bx® + cx + d).

Step 3: Calculate the x-intercept(s) by setting f{x) = 0 and solving the equation.

step 4: Calculate the coordinates of the stationary points (turning points) by
calculating f'(x) and setting it equal to 0 to find x. Substitute back into the
original equation to find the p-value.

Step 5: Calculate the coordinates of the point of inflection by calculating f"(x) and
setting it equal to 0 to find x. Substitute back into the original equation to
find the y-value.

Step 6: Plot a few sample points (you may need these if some of the points you
calculate are the same points).

Tip: Drawing a sketch graph means that you need to show the general shape of
the graph correctly and indicate all the features. It is not an accurate plot
of the graph.

Worked example 5

1 SKetch the graph of fix) = x{x + 2)%
2 Sketch the graph of fix) = (x — I}{x - 2)(x - 3).

2 Shape:
Answers a is positive and

1 Shape:
i is positive and there are two x-intercepts, so the shape is: /\/
-
Or 4 L, y-intercepi:
i fix)=(x—- 1Nz =

= {x — I)(="=

p-intercept: ' : _ _ : =x"-6x'+ 1
fix)=xx+2F=2+ 42 + 4x + 0 Write the equation in standard form. - the R

d =0 .. y-intercept is at (0, 0)

x-intercept(s): x-intenns .
x(x+ 27 =0 Set flxy=10 (x - T
2a+ 2 +2)=0 =1 x=

= the a-intercepts are at (0, 0), (-2, 0) o the

15 lopic 1 Functions



Worked example 5 (continued)

i functions than Stationary point(s):
B we always need flX) = ¥* + 432 + 4x
B r-intercepts. We Flx)=3x+8x+4=0 Set fix)=0
(Bx+2x+21=0
S X=—=Orx——7

b Substitute back into fix).
the graph. It
$hon is in standard Substitute x = ‘ Substitute x = -2

y=x(x+ 2)? ¥=x{x + 2)°

=S i e . :
o, ok 5 : : | Stationary point is (-2, 0), which
Mationary point is (-3, —1-2) s : .

. 3 7 is the same as the x-intercept.

the equation. s 2pydna s { y==2(00=0
! ¥= 3{]3] Iz

points) by
te back into the 2
Point of inflection:

fulating /M'(x) and ['(x)=3x*+8x+4
peinal equation to f'ix)=6x+8

O=6x+8 Setf"ix)=0

the points yvou x=-11
Substitute x = —1 3 back into the
original equation

y=-13(-11 + 2y2

general shape of
iR accurate plot

y 42y &
Amit i

Point of inflection is (-1 L 16

]

27

Draw the sketch graph neatly,

labelling the points. Fiqure1.91
Shape: -

a Is positive and there are three x-intercepts, so the shape is:

BSl

y-intercept:

)= (x — 1)ix = 2)(x—3)
(x=1}x*—5x + 6)
-6+ 1lx -6

Mandard form. <. the y-intercept is at (0, -6)

x-intercept(s);
x=1x-23(x=3)=0
x=1,x=2Zorx=3

- the x-intercepts are at (1, 0),(2, O, (3, 0)

Sub-topic 1 Cubic functions 17




Worked example 5 (continued)

Stationary point(s):
fix)=x—6x"+11x -6
flix) =322 - 12x + 11
flix)=3x-12x+11=10 Set flix) =0.
Use the quadratic formula to solve:
e o+ —dac

2a
_ 12127 4(31])
= 2(3)
= 1244144132
f
_ 122412

b
L x=2580rx=142
substitute x = 2.58
y=x'—6x"+11x-6

| Substitute x = 1.42
ly=x—6x+11x-6

y=(2.58)— 6(2.58)2 + 11(2.58) -6 | y=(1.42)° - 6(1.42) + 11(1.42) - 6

y=—0.38 | y=0.38

The stationary points are (2.58, -0.38) and (1.42, 0.38).

Point of inflection:

i) =32 —12x + 11

flli)=6x—-12=0
X="

Substitute ¥ = 2 back into the original equation

y=(2P =602+ 11({2) - 6

y=8-24+22-8

y=10

The point of inflection is at (2, 0), which is one of the x-intercepts.

Draw the sketch graph neatly, labelling the points.

Set f"(x) = 0.

e 3
1 |I

{1.42, D;38)

{1, Oy 2.0 fi3.0)
i i

& afe - t . =
| )
/ \«/r
! (2.58, -0.38)
{
|

f'lgu. &)
4
L 4

Figure 1.22
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s and compicte ti

= 1: The a-valus
Eeermines the shape of
= graph (sketch):

Shen 2: Whal is the 1-intesce

MuEply out;

el =2 + 5yt + d_r:—'-?',

Bk the point on

#= graph

a0 3: What are the x-intes
Factorise the
quadratic part:

=—{r +1)(2r*-Tr +3

B=_[x + 1)(Zy Hx

RSk the x-intercepts on

e graph

1 Draw a sketch gragp
* The graph inie
= M-1}=F(1)=
* [(1)=-4; flO}=s
= x>0 x<=
= fx)<0if-1=
The graph in Fig.
A, C and E are inte
B and [ are turmin
a) Calculate the g
b) Calculate the €
c} Write down th
d) For which vals
be decreasing?
e) Find the coord
of inflection.
f) [s this a station
Explain

(1




opy the graph of the function fix) = —(x + 1)(2x - 7x + 3) into your exercise
Books and complete the labels.

Step 1: The a-value _f-f*l ==+ 12— Tx +3) Step 4; Differentiate
gsiermines the shape of o i L

1 fel = Tl g Eo 5
e graph (sketch): "Ir1 ) S U A =
S=—aeie

Skep 2: What is the j-intercept? T T [ Set f"(r) =0 and soive
Bstioly out: 1] [ [ Find the »-values by
. o 4.1'1':—-.3%\ | i A = substituting into £,

; 17T T Mark the two stationary
:;r[ah:hl_jmm on co | points on the graph
Sisp 3: What are the r-intercepts? . - Step 5: Differentiate again.
Factorize the ] | ] Fam=_ x+
quadratic part: | ! ] Set fpy=0
RS+ 1)( 2" — T + 3) 3 » Determine the point of inflection.
o : = (v =142 _ ix ) bt T " Do you get (0.83, 2.657)
7y C . 2.657)
B 11(1.42) -6 i R ISR i If not. try again.

Mark the r-intercepts on

#= graph. Mark the point on the graph

Join all the points!
Sigure 1.23

1 Draw a sketch graph of fix) = ax*+ bx*+ cx + d, given the following information:
)

= The graph intersects the x-axis at ¥ =—1 and x
s I-Dy=Ff"(1)=0
* f(l)=—4fi0)==-2
s fx)>Difx<—lorx=1
s fiix)<Dif-1 <cx<1
The graph in Fig. 1.24 represents gix) = x* — 3x? — 4x. B
A, C and E are intercepts with the axes. .-"f‘\‘x
B and I3 are turning points of the graph. 4
a) Calculate the coordinates of D.
b) Calculate the coordinates of A, C and E.
¢) Write down the length of AE.
d) For which values of x will the graph

be decreasing?
e} Find the coordinates of the point

of inflection.
f) Is this a stationary point?
Explain,

Figure 1.24
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Activity 5 (continued)

3 Sketch the following graphs.
a) flx)=(x-5)x"— 10x + 25)
c) fix)=(x+2)x2+7x+ 10)
e) fix)={x+2)x*+6x + 10)

b) fix)=(x—3)x+4)
d) fix)==(x+1){x"-12x + 20)
f) filx)=—x+1)x=-2)x-3)

*Extension activity

1 The graph of g'(x) is shown in

Figure 1.25.

a) What is the formula for g'{x)?

b) Write down a general formula
for the gradient of a tangent
to g'(x).

¢} For which values of x is g(x)
increasing?

d) For which values of x is g(x)
decreasing?

¢) Give the x-values of the
stationary points of g(x).

£) If g(x) intersects the y-axis
at 10, determine the formula
for g(x).
Find the point of inflection
of gix).

..!.
3T S -

S S

gx)

Figure 1.25

Use cubic graphs to find solutions

some cubic equations cannot be factorised. To solve these kinds of cubic

equations, we can draw an accurate graph of the cubic expression rather than
a sketch graph. The points where the graph crosses the x-axis will give you the
solutions to the equation, but their accuracy will be limited to the accuracy of

your graph.

20
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Bt
.............. 0 A
§ 2 3 5 X

kinds of cubic
g=sion rather than
i will give you the
#0 the accuracy of

Worked example 6

Salive o+ 42+ x— 5 =0,

Answer

WWE are not able to solve this equation by factorisation. So we draw a graph of
=" + 4x° + x — 5 as accurately as possible and read off the solutions.

Sintercept: y = -5 !
Sationary pmnts =3x+8x+1=0
Whis can't be deTUHbL‘d, so use the quadratic formula: x = £V - da
=—0.13 or x =-2.54 L
y==5.06 y=1.879

Sabstitute into the original :;lq]_mtmn ] 5.
£ ; -— " o
-J TR EE Y T

Wable of values: i
|y '-35|-9' T

1 | 21 |a* 12?‘225

i |
Substitute back mtn H}.]

Balculate the point of inflection:
f"{xJ-—:—fi—'{;ix-"+H.r+ 1)=0 y=x'+4x+x-5
B +8=0 Y= + 4GP +h -
B x -——; I;I:
,.thf_ point of inflection is [__‘_:_, _116y

#oir the graph, focus on the Al
area around the axes and the II

. = " a
stationary points to increase y=ar iy 15
the accuracy of reading o1
off the roots. gl
the graph intersects the [
a-axis at three places, so ; I:Fl*. i) |
there are three real roots. 1T clu"] A , ,'I i
The accuracy will be limited { ".I :rl."
10 the accuracy of the graph. _|' 't: /
From the graph we find || 8
the approximate solutions | o)
x=-32:-1.7:09 | l

BB

Figure 1.26

1 Use graphs to solve the following cubic equations as accurately as you can.

b) 2 -3x—4x—-35=0

a) ¥ -4x2—6x+5=0
d) ¥*+2x24+3x-5=10

¢) -3 -x+1=0

sub-topic 1 Cubic functions
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The area under a curve
To solve certain problems, we need to And the area between a graph and the
horizontal axis. This is easy if the graph is a straight line,

10 T A Area of tiangie
& | = Y base x heght
i | =4 5% 4
8 - =36 square units

51
.q_ -

l |

| | Area of rectanghe
2 = length x breadth

HE
2

=8 x 2 = 18 sguare unils

I 12
3] 2 4 ﬂ'_ ";:ﬁ 10 %
¥ : 10
Figure 1.27
8
The total area is 36 + 18 = 54 square units.
It is more complicated to calculate the 6
area under the graph of a curved
function, as in Fig. 1.28. 4
We shall explore some methods of EETTE R Sk
approximating the area under a curve 2
using the value of the functon at
different points. "-nv T
Figure 1.28

Estimate area under a curve using rectangles

One method of estimating the area under a curve is by using sums of the areas
of rectangles with equal width, drawn to specified points on the function,
IExample: Estimate the area under the curve in Fig. 128 in the interval from
0 to 10.
In other words, we are looking at the whole area under the curve, from the
y-axis, where x =0, to the line x = 10.
We can draw five rectangles each with a width of 2 units, i.e. Ax = 2 units.
Ax (delta ¥) means the change or difference in the value of x. Don't confuse it with A, the
discriminant (* — 4ac) in a quadratic expression.

We can draw these rectangles in three ways: Fig. 1.29a focuses on the left endpoint
of each rectangle, Fig. 1.29b focuses on the fght endpoint of each and Fig 1.29¢
on the midpeint of each rectangle.

22 Topic 1 Functions
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e oot

e Enterval is x = [0, W

=i Fiz. 1.292, we use
&x as the height of 1
Bom the white areas

= e Fig. 1.29b, we use
mterval, Ax, as the b
#s seen on the graph

= i Fig, 1.29c, we use
&S the height of the &
might not always be

¥ can see that if we d
Berirontal distance in
ax-values, our approxis
e better. In fact, the ol
salue of Ax gets to 0,
e estimate will be.

In Fig. 1_30), we've di
Extanyics, so Avr=1mm
2 units, so there are no
n total.

Think about it
How many rectangles we
under the curve? You wo
In Topic 7, you will a8
the area as the numbes
s used to calculals e




graph and the

s of the areas
P lunciion.
interval from

mrve, from the

ax = 2 units.

8a it with A, the

B the left endpoint
g and Fig. 1.29¢

Sgure 1.29a Figure 1.29b Figure 1.29¢
L&t endpoint Right endpaint Midpoint

¥he interval is x e [0, 10]. There are 5 sub-intervals with Ay = 2.

= In Fig. 1.2%9, we use the function value at the left endpoint of the sub-interval,
Ax, as the height of the rectangle. This underestimates the a [€d, a5 We Can see
from the white areas under the graph.
in Fig. 1.29b, we use the function value at the right endpoint of the sub-
interval, Av, as the height of the rectangle. This tends to overestimate the area,
as seen on the graph.
In Fig, 1.29¢, we use the function value at the midpoint of the sub-interval, Ax,
as the height of the rectangle. This scems to be a better approximation, but it
might not always be so. "

r

; 10
¥ou can see that if we divide the

Borizontal distance into smaller
dx-values, our approximation will
B¢ better. In fact, the closer the
walue of Ax gets to 0, the better
the estimate will be.

In Fig. 1.30, we've drawn more
feCtangles, so Ax = 1 unit instead of
2 units, so there are now 10 rectangles
in total.

Think about it _ |
How many rectangles would you need to make sure that the rectangles fit perfectly
under the curve? You would need to approach an infinite number,

In Topic 7, you will learn about definite integrals, where the idea of finding the limit of

the area as the number of rectangles approach infinity (and the width Ax approaches 0)
15 used to calculate area accurately.
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Estimate the area between fix) =x° — 5x* + 6x + 5 and the x-axis in the interval
0 to 4, using n = 5 intervals. (This part of the curve is positive.} Use all three
cases of the sum of areas of rectangles.

Answer

The width of each sub-interval will be 4 + 5 = 0.8. This means that the endpoints

of the subintervals are: 0; 0.5; 1.6; 2.4; 3.2; 4.

Va "
frl=x -5 +6x+5

14 | =1 T

12

W
b [
tn

] 1 2

Figure 1.31

Draw up a table of values of the ' : Filn : I i
i : i x|o] o8 | 16 | 24 [ 32 [a
function at each endpoint. '

|fixy | 8 | 7112 | 5.896 | 4.424 lﬁ.?ﬁa 13
Then calculate the sum of the areas for each case.

Left endpoints:

Area = 0.8 fl0) + 0.8 fi0.8) + 0.8 f{1.6) + 0.8 fi2.4) + 0.8 f(3.2) = 22.56 square units
Right endpoints;

Area = 0.8 fl0.8) + 0.8 f11.6) + 0.8 fi2.4) + 0.8 f{3.2) + 0.8 fi4) = 28.96 square units
Midpoints:

Area=0.8 fl0.H) + 08 f(1.2) + 08 fi2) +0.8 fi2.8) + 0.8 fi3.6) =25.12 square units

Use the sum of areas of rectangles method to solve these problems.
1 a) Find the area under the curve fix)=1 -2 between x=0.5and x =2,
for n=35.

b) Find the area under the curve given in 1a), but this time use = 10.
2 An arch has the shape of a curve fix) = 2x* + 3 between x = 0 and x = 4 and
the x-axis, for n= 5. Find the area under the arch.
3 Find the area under the curve fix) = 2x* + 4 between x =0 and x = 8 and the
Xx-axis, forn = 5.

Estimate the a

B Can use tra peZium
e drawn with theis

ihe area of the Ty
asesl previously.

Ihe trapezium mule

i /1 is the height
amd the y-values are tf
aalues are equal to 8

rked exampl
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in the interval
e ) Use all three

B that the endpoints

2256 square units
2896 squarc units

2512 square units

ElS and x=2,

B e 11 = 10.
=land x=4 and

= 8 and the

Estimate the area under a curve using trapeziums

We can use trapezium .*ihﬂ[_‘rf_'"i to estimate the area under a curve. The trapeziums
@re drawn with their parallel sides perpendicular to the x-axis.
y

&
0

Figure 1.32

The area of the trapeziums averages the area of the left and right rectangles we
used previously.
The trapezium rule is derived from the formula for the area of a trapezium:

Area = -{_J-Lll.: Y.t 2 vt ]

|}
where /1 is the height of the trapeziums (the size of the sub-intervals chosen)
and the y-values are the lengths of the parallel sides at the end of each strip. The
¥walues are equal to the function values,

Worked example 8

Find the area between the x-axis and the curve fix) =% + 2 between x = 1 and
* = 5 using the trapezium rule with four trapeziums.
Answer
Iy, ¥ ’ R
Area =Sy, +y +2(y, + ¥, + ...+ ), 8|
o find the y-values, you could draw up a table of values.

X ]1:2[.3|4|5

=] 3| 6 | 11| 18 | 27

fi=1, so Areg = ;é{'.’i +27 + 2(6 + 11 + 18)) = 50 square units.

Activity 8

Solve the same problems as in Activity 7, but this time, use the trapezium rule.
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SUB-TOPIC2  |hyerse functions

Draw graphs of inverse functions

The inverse of a function, f~'(x) is a reflection of f(x) in the line y = x. To obtain
the inverse, the x and y variables are interchanged.

The inverse of a function exists if, and only if, the original function is a
one-to-one mapping.

If a function is a many-to-one mapping, we can restrict the domain of the
function in such a way that the inverse function exists, This restriction is often of
the formx <0, or x =0.

Worked example 9

[raw the graph of the function f{x) which has the formula y = x* + 2x — 3.
Find the formula for the inverse of fix) and restrict the domain such that the
inverse is a function. Draw the inverse function on the same set of axes.

Answer

y=x'+2x -3

Inverse: x =32 + 2y —3

In Fig. 1.33a, the domain has not been restricted to find the inverse. The inverse
is not a function, as there are two y-values for each x-value.

In Fig. 1.33b, the domain of the function has been restricted to x < -1 to find the
inverse.

y=xr+2x-3

Inverse: x = 2 + 2y 3

Hix)

-8 ;o -5
-10 =10
T v

Figure 1.33a Figure 1.33b
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Activity 9 [

POr each of the follg

a) Give the equatit

B) If necessary, rest
function.

€} On the same set
1 fixi=-2x—"12

2 2x-y+3=4
3 o) = 1::.
4 px)=-x*

Exponential gr

i an exponential fum
sandard formula of &

Exponential raphs ara
Fapid growth of bactens

® Ifb> 1, then the gn

B IE0<b<l, then the

Remember:
A function is increas
A inction is decreas

An exponential graph |

- —

b=>1
7
s 5
i
//I
-
Doz &
1
'
Figure 1.34




#or each of the following:
a) Give the equation of the inverse in standard form.

B) If necessary, restrict the domain of the function so that its inverse will bea
¥ —x. To obtain function.

€] On the same set of axes sketch the graphs of the function and its inverse.
Sanction is a 1 fix)=-2x-2
2 Zx—y+3=0
gommain of the 3 gx)=1y2
niction is often of 4 plx)=—x

Exponential graphs

L 1 i an exponential function the variable x is a power of a constant number. The
gin such that the standard formula of an exponential function is: fix) = »*, where b=0and b= 1.

Bt of axes. 0id you know? i B
‘Exponential graphs are used to represent situations of rapid growth, for example, the
¥apid growth of bacteria in culture.

|
werse. The inverse ® Ifb>1, then the graph is an increasing function.
1
* If0<b <1, then the graph is a decreasing function.

B x<-—1 to find the

Remember:
A function is increasing if the values of y increase as x increases.

A function is decreasing if the values of y decrease as x increases.

An exponential graph has a horizontal asymptote, but no vertical asvmptote,

| New word

| asymptote: A line which a
graph approaches but never
reaches.

bh=1

Figure 1.34

E 27T &) 1:‘-‘:1“1!!:]!1_:
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Worked example 10 Activity 10 (co

1 Sketch the graphs of:
o5 Braj = 2 In 1995, there
a) y=2 b) y=0) -
; ; : v i : number of peoy
State the intercepts, domain, range, whether the graph is increasing or a) Write
: : ) Tite an ex
decreasing and the asymptote of each function. s
) b) Drawupat

Answer ¢) How many

V& r="7"
| ¥=a
1 Table of values: | f answer to ti
T . . . . i I!
x;—z—1|n 1(2|3(4 T f i
S e Tt R ; .- The inverse of
G e R R i |
e S S R - 4 Lonsider the expone
* The graph passes through 81 Sxponential function
the point (0, 1). But now we have
* The domain is the set of all ) subject of the formul
real numbers. i The logarithmic fi
* The range is y > 0. J subject of the formul
* The graph is increasing. ———r—] | | e x=F thenyv=1I
= y AP s =E R e 12 3 45 oy g 4
* The x-axis is an asymptote -1 P=]landx>0.
to the graph as x approaches =2 We read this as “log &
negative infinity. Figure 1.35 )
2 Table of values: | Worked examp
lxl=2(=]0 |3 2|2 | 3 PER Ll 1 Find the inverse
i A T T Tl R R ] al )
A | | 5 18 \ p. 2 Given fix) =4,
= The graph passes through the & gl Sketch (e
point {0, 1), k| both graphs|
*  The domain is the set of all real i | b) State the inte
i~ ] ‘:' c) Label A, they
* The range is y > 0. ;L d) State the dom
* The graph is decreasing. J_ Answers
* The x-axis is an asymptote tc . \ By s X
I'he x-axis is an asymptote to B | e K 1a) y=10
the graph as x approaches j inverse: x = I
positive infinity. - standard forn

Figure 1.36 by y=3*
inverse: x =3
standard for

Activity 10 Sane
y=Gr

1 Sketch the graphs of the following on separate sets of axes: Inverse: ¥ = 1%

a) y=3x b) y= [_,L]‘ c) y=10x d) y= []'“J” standard form

28
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“ctivity 10 (continued)

2 In 1995, there were 285 people with cellphones in a city. After 1995 the
number of people with cellphones increased by 75% each year.
a) Write an exponential formula for this relationship.
b) Draw up a table of some chosen values and draw a graph of the function.
€) How many people had cellphones in this city by 20147 (Round off your
answer to the nearest person.)

The inverse of the exponential function

S ansicler the exponential function y = b, To determine the inverse of the
sEponential function, we interchange the x- and y-variables to get x = b,
Sut now we have the problem that we don't have a method of writing y as the
sabject of the formula, because y is the exponent.
The logarithmic function allows us to rewrite the expression x = b with y as the
subject of the formula: y = log x
ix=p, then y=logx, where b> 0,
logarithm: The logarithm of 2

=1 and x> 0. e :
¢ L = number is the exponent 1o which
e read this as “log x to the base b”. a base must be raised to produce

the number.
Worked example 11

1 Find the inverses of these functions and write them in standard form.
a) y=10 b) y=3 c) v= [;.Jil
2 Given flx) = 4
a) Sketch the graphs of fix) and f~'(x) on the same system of axes. Label
both graphs clearly.
b) State the intercept(s) for each graph.
¢) Label A, the point of intersection of fix) and /~'(x).
d) State the domain, range and asymptote(s) of each function.

Answers
1 a) y=10¢
inverse: x = 1(¥
standard form: y = log x
b} y=3
inverse: x = 3*
standard form: y = log x
y= {i y2
inverse: x = (1)¥
standard form: y él”i‘;:‘.x

New word
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2

Worked example 11 (continued)

flx)=4
Fx) =logx

A logarithmic scale is a non-linear
scale that we use when we want to
represent a wide range of values. 1t
is based on orders of magnitude to

the base 10.

1

b2

wn

30

Some examples include the
strength of earthquakes (the Richter
scale), the loudness of sound
{the decibel scale), and the pH of
solutions.

Figure 1.37

We pften leave out the number 10 when we use common logarithms with a base
of 10. So log 100 means log, 100 and is equal to 2.

Activity 11

*6 [Extension] [

The pH scale r
acidic. A pH gre
The pH scal§
hydrogen conce
a) Write a forns
hydrogen (B
b) The pH vals
of the pH s&
€) Use your gra
hydrogen is|
(i) 2 x 10
(ii) 1
(iii) 0.00=
d) Why do you

Find the inverses of the following functions and write them in standard
form.

a) y=logx b} y=357 c) y=1F

d) y=100¢ e) y=d* f} y=logix
Write down the values of the following logarithms: -

a) log 1000 b) log27 c) log 0.00001
d) log,16 e} log 0.01 f) log 10

2) logi h) log. 125

Given f{x) =1 f,lj‘

a) Sketch the graphs of f(x) and f(x) on the same system of axes. Label
both graphs clearly.

b) State the intercept(s) for each graph.

c) Label A, the point of intersection of f(x) and x).

d) State the domain, range and asymptote(s) of each function.

Determine the equation of the graph formed if y = log. x is reflected about:

a) the x-axis by the p-axis c) the line y=x:

Determine the value of a of the function if:

a) y=log x passes through [—IE -2)

b) y=a® passes through (1, 0.2}

Topic 1 Functions
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Activity 11 (continued)

" "6 [Extension] The pH scale measures how acidic or alkaline a solution is.
The pH scale ranges from 0 to 14. A pH of 7 is neutral. A pH less than 7 is
acidic. A pH greater than 7 is alkaline.
The pHl scale is a negative logarithmic scale. So a pH of 3 refers to a
hydrogen concentration of 10,
a) Write a formula that relates the pH (P) to the concentration of
hydrogen (H) in a solution.
b) The pH values of solutions can range from 0 to 14. Plot a graph
of the pH scale on graph paper.
. ¢} Use your graph to read off the pH where the concentration of
hydrogen is equal to:
(i) 2x 10
(ii) 1
(i) 0.004
d) Why do you think a logarithmic scale is used for pH values?

} &5 & non-linear
we wani to
of values. |t

schude the
s (the Richter

Eethimns with a base

B in standard

y= 10"
y=lop: x

Jog 0.00001
h log 10

b of axes. Label

pCtion.
B reflected aboult:
) the line y = x.
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Summary, revision and assessment

4 Determine the s

Summary
a) (8,3)

* The derivative is the instantaneous rate of change of a function, or the gradient,
at a point. This is equal to the gradient of a tangent at that point.
* The standard form of a cubic function is fix) = ax® + bx* + cx+ d.
* To sketch cubic graphs:
— The a value of the formula written in standard form gives the shape of
the graph.

Revision exen
1 Use differentizth
minimum tuer
a8 fixil=x =4z

— If the equation can be factorised, we can find the zeros of the graph by using b) fix)=x"-6x
the zero product rule. ) flx)=2r"-%

- We find the stationary points by finding the points where the derivative d) fi-‘-" =5—4x-
of the function {the gradient at a point) is equal to zero. The stationary e} fix)=4-8x-
points are either the local maximum and minimum points, or the point of D fix)=7T-x-
inflection. 2 Sketch the graph
a) filx)=x'-32

— The point of inflection of the graph is the point where the second derivative
of the function is equal to zero,

= We can estimate the solutions of a cubic graph by plotting the graph accurately
using the critical points and plotting some other points.

= We can estimate the area between a curve and the x-axis by drawing rectangles
or trapeziums of equal widths to fill the space underneath a curve, and finding
the sum of the area.

= Fyunctions can be one-to-one relations or many-to-one relations. A many-to-one
relation associates two or more values of the independent (input) variable with
a single value of the dependent (output) variable.

= Given a function f{x), we can determine the equation of the inverse f'(x) by:
- interchanging the x- and p-values
- making y the subject of the equation

b) fix)=x"+x-
€) fix)=x*+ 2%
d) fix)= ;Il—%.l
3 Draw accurate g3
a) fix)=x—3¢
b) fl'xr=.t"—i"'—
4 Use the areas of |
curve and the x-i
a) y=2+3 B
b) y=x"+2, o
5 Use the areas of |
curve and the x=
a) y=27+3 B

— expressing the new equation in function notation. =
* The domain of the function needs to be restricted in some cases to ensure that b) y= x +x, o
the inverse is a function. 6 lklrm?m:: the e
* The inverse of the exponential function fix) = &% (b = 0, b+ 1) is the logarithmic a) (B, 3)
function [*'(x) = log x. b) L?J —1)
' € (3,-1)

7 Draw sketch grag

Revision exercises (Remedial)

1 Write down the general forms of the quadratic function and the cubic

function.

2 Give the zeros of the following equations.
a) y=x2—-4 b) y=(x+1)}{x*-9)

3 Determine the value of a in f{x) = @* if the function passes through the point:
a) (1,4) b} (3, 8) c) (2, 25) d) (6, 64)
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revision and assessment (continued)

% Determine the value of a in fix) = log x if it passes through the point:
a) (8, 3) by (125, 3) ¢) (100, 2) d) (49, 2)
or the gradient,
3 Revision exercises

Use differentiation to state whether the following have a maximum or
minimum turming point. Find the coordinates of the turning point.

a) fla)=x"+4x-5

b fix)=a*—6x+2

€ fix)=2x"-4x+7

d) flx)=5-4x-x"

e) fix) =4 Bx—x*

B f(x)=7-x— 2x°

Sketch the graphs of:

a) flx)=x'-32"-4x

b) fix)=x"+x-5x

0 fX)=x*+2x*—4x-5

d) fix) = -.la-x" —-_ix-‘ -0x+ 1

Draw accurate graphs of the following to find the zeros.

a) fix)=x"- ,1,x3 +2x+3

b) fi)=x*-x-5x+2

Use the areas of rectangles method to estimate the area between the function
curve and the x-axis within the given interval.

a) y=2x*+3, fromx=1tox=2

b) y=x*+2,fromx=2tox=3

Use the areas of trapeziums method to estimate the area between the function
curve and the x-axis within the given interval.

a) y=2x*+3,fromx=0tox=2

b) }:=§:-+x. fromx=2tox=3

Determine the equation of y = log x if it passes through the point:

a) (8,3)

b) (3,-1)

g &, -1)

Draw sketch graphs of each of the functions in Question 6.

g shape of
graph by using
g derivative
stationary

or the point of

prond derivative

graph accurately

Ewing rectangles
e, and finding

. A many-to-one
) wariable with

pwerse ['(x) by:

o ensure that

B &= the logarithmic

the cubic

pugh the point:
64)
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Summary, revision and assessment (continued)

Assessment exercises

1 Determine the coordinates and nature of the turning points of the function
fix) = &% — x% - 5x + 4. Sketch the curve.

2 Sketch the graphs of: Sub-topic
a) fly=(x-1) Linear programming
b) glx)=(x+Dix*-4x+5)

3 Sketch the graph of fx) = ax® + bx* + cx + d, given the following information:
* fid)=0
s fY2)=0
o [2)=8: fl0)=16
o fx)<Difx<2
o fx)<Difx>2

4 Builders need to fill an arch which is 2 m wide and 3 m high. e

a) Determine the equation of the parabola (assuming that it begins at x = 0). = =)=
b) Estimate the area under the arch, using the sum of areas of rectangles Starter activity

method. [ 1 a) Give the eguath
c) Estimate the area under the arch, using the sum of areas of trapeziums i
method.

5 The point A(-2, 4) lies on the graph of fix) = a*
a) What is the formula of fix)?
b) Write the formula of f'(x) in standard form.
c) Sketch the graphs of fix) and f~'(x).

S

I
Assessment exercises (extension) :
1 A population of 24 cockroaches doubles every month, III

a) Determine a formula that describes the growth of the population.
b) Calculate how long it will take for the cockroach population to
reach 100 000,

2 The International Space Agency has landed a robotic explorer on a comet.
Some probes are extended from the lander's body to conduct various tests,
To demonstrate the force of gravity on this comet, the lander launches a ball
directly upwards at 150 m/s. The acceleration due to gravity a on this comet is
equal to 2 m/s%. At what time will it fall back onto the comet?

Use the quadratic equation s = at® + vt, where 3 is the displacement, t is the
total time taken, v is the initial velocity and a is the acceleration due to
gravity. When the ball is back in its original position, the displacement is 0,

~ b) Give the coord

» 2 Solve the following
also show them on
a) x-3>-7

3 A manufaciunes
costs him K40 1o
Usecto 3
of shirts.

==

sos5=0.
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Linear programming

i of the function

Liear programming Draw graphs of linear equations and

inequations in one and twa variables (asa

g information: recap).
Shade the wanted and unwanted regions.
Describe the wanted or unwanted regions,
Determine maximum and minimum values.
Use the search line to detarmine the maximum |
and minimum values,
Apply knowledge of linear programming in

real life,

8
8 begins at x = 0).
of rectangles

L a) Give the equations of lines A and B.
of trapeziums '

pulation.
Bon to

B omn a comet. Figura 2.1

Various tests. il i ’ : ] :
Bunches a ball b) Give the coordinates of the point of intersection of A and B.

I this comet is Solve the following inequations. Give the solutions in interval form and

5 also show them on a number line.

: 8) x-3>-7 b) -152-x<7

A manufacturer of school shirts has a fixed monthly cost of K6 000 and it
costs him K40 to make each shirt. Write a linear equation to represent this.
Use ¢ to represent the total monthly cost and n to represent the number
of shirts,

ment, [ is the
pon due 1o
pacement is O,
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SUB-TOPIC1 Linear programming

1 Solve for x and
J . a) ¥-3<
Linear equations b ol
c) —3x+52H
d) 2 <o(xs
. - - - - - Answers
Solving equations and inequations in one variable . .=

dl X—a<&

A linear equation is an equation where the highest power of the variable is 1.
Example: 5y + 3 =4

1o solve an equation for one variable x in an equation, yYou need Lo find the value

L B
of x that will make the equation true. To do this, rewrite the equation so that x is :E -
on its own on one side of the equation. This involves working with additive and | F
multiplicative inverses. | +:73—_-m

1 5olve for x. 4x-3x<-§
a) 31-x)-(x+2)=9 by X:2_x=1 o) Bl _x-2_g S8
Answers | ——
1a) 3(1-x)-(x+2)=9 . B
3 3x=x-2=0 Multiply out, € -3x+5z14
4x+1=9 Simplify. —Sxz 1%

—4x=8 Subtract 1 from both sides. —3x=3
x=-2 Divide both sides by —4 to get x on its own. ! x<=3
b) = o S . - _Ej
3 2] 1 ——
2(x+2)-6x=3 Multiply through by the LCD of 6. : 5 -1 S
2x+4-6x=3 - d) 2% <2(x+1
—4x =1 Simplify and subtract 4 from both sides. . This ineguati
X= L Divide both sides by —4 to get x on its own. I g_g 4 < 23
) ?.x;—_]_%zﬁ | x-4<6x
4(2x + 1) - 3(x = 2) = 60 Multiply through by the LCD of 12. X—Bx <64
dx+4-3x+6=60 -5x< 10
Sx =50  Simplify and subtract 10 from both sides. xz>-2

x=10 Divide both sides by 5 to get x on its own.

The solution’

An inequation is similar to an equation but the two expressions are related by one § —
of these symbols: greater than (>); less than (<) greater than or equal to (z); or less = 2
than or egual to (<),

You solve inequations in the same way that you solve equations. However,
if you multiply or divide both sides of an inequation by a negative number, the
direction of the inequation symbol must change.

The solution to an inequation is usually a range of values rather than a single
value.
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Norked example 2

4 Solve for x and show the solutions on a number line.
a)y x—3 <2
b) 4x+6<3x-5

wariable is 1. €] -3r+5=>14

) %s?um 1) <1+3x

- ers
riable y
N a) x—3<2

i 1o find the value X<243 Add 3 to both sides.
#tion so that x is x<5
th additive and ek

=2 =1 0 1

dxr+6<3x—5
dx-3x=-5-6
x<-11
r=—11
—_— — —
—1B 1T 16 <1514 1312 =11 —10 -G
—3x+52>14
—3x=214-5
—3xz9
x=-3 Change the direction of the sign, because we divide by 3.
x=-3

ek 1 i 1 e ] e -

8 T 6 -5-4-3-2-10 1
154 <2(x+1) <1+ 3x
This inequation has two parts, which can be solved separately.

I om IS own.

i:__;,_—“‘gz{xurlj | 2(x+1)<1+3x
r—4=6x+6 2x+2<1+3x
A-bBx=6+4 —x < =]
—S5x =10 | x> 1
x=-2 |

on its own. . The solution is where x 2 -2 and where x> 1 ~. x> 1

related by one
sl 10 (=); or less

ps. However,
number, the

fr than a single
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1 Solve for x.

a) 24 8x=2 4+ 3x b) 2(x-1)=5-2(x+4)
) 7-2(x+3=2-5(z-1 d) 4x+1)=6(x-2)+8
0 1l 2 1 D 33 1l=2

2 Solve for x.
a) 2x+2<1 b) x-6<7x+2
c) 2—x22(3x+1) d) S1<c2-xe?
€) 2x+3<7 H 2o

3 Kachana has K5 000 in a savings account at the beginning of the year. He
wants to always keep a minimum balance of K2 000 in his account. He
withdraws K150 from his account each week.

a) Write an inequation for this situation using the variable x for the
number of weeks.
b) For how many weeks can he continue to withdraw money from his

account?
4 A taxi charges a flat rate of K5 plus an additional K1.50 per 5 km travelled.
How far can you travel if you have a maximum of: a) K15 b) K507

5 Ganizani and Chawezi play in the same soccer team. Last Saturday Chawezi
scored 3 more goals than Ganizani. Together they scored fewer than
12 goals. What is the possible number of goals that Chawezi scored?

6 A school has K45 000 to spend on computers. They need to buy a printer
which will cost K9 000. How many com puters can they buy if each
computer costs K5 0007

*7 [Extension] The velocity in metres per second (m/s) of a stone thrown
straight up into the air is given by the equation v = 50 - 12t, where ¢ is the
time in seconds. The time at which the stone is thrown is f = 0.

a) At what times will the velocity be between 10 m/s and 15 m/s?
b) At what times will the velocity be less than 50 m/s?

"8 |Extension] If you invest K10 000 in a savings account which vields 2.5%

Interest each year, at the end of how many years will the amount in the

savings account be greater than K20 0007

Solving equations and inequations in two variables

A linear function has the form y = ax + b, where the constant a represents the
gradient of the function and b represents the p-intercept.

The solution to one linear equation in two variables is any point on the graph
of that equation. This is because any point on the graph will satisfy the equation.

We can solve linear equations in two variables in the following ways:

38 Topic 2 Linear programming

To find definite values for the two variables, we need to have two linear equations.

& A graphical meths
i5 the only point |
= An algebraic meth
techniques to fimg

. 3
ubstitution: solvi
¥e variables, and

mination: so
les by doing

for x and y usis
graphical soluth
a) y==a+1

ers
a) Graphical
Both equati
S0 we can p

The two lines &
Algebraic
Substitute y =
-%x =—x+1

s
EX = l
T
Substitute x =

Sy=-2




2x+ 4
X -2+ 5

2]

ing of the year. He
B Bis account. He

e x for the
money from his

g oer 5 km travelled,
KI5 b) K507
B8t Saturday Chawezi
B fewer than
WeTi scored?
i #0 buy a printer
¥ buy if each

a stone thrown
1% where tis the
Bf=0.

i 15 m/s?

which vields 2.5%
amount in the

D variables

8 represents the

¥ point on the graph
satisty the equation.

B WaVvs:

W0 linear equations.

® A graphical method. Here we find that the point where the two graphs intersect

I8 the only point that satisfies both equations, so that point is the solution.
® AN algebraic method. Here we make use of substitution and elimination
techniques to find the solution.

New words
Bstitution: solving a system of equations by solving one of the eguations for one of
B variables, and then putting this value back into the other equation.

ination: solving a system of equations by eliminating (getting rid of) one of the
les by doing operations on the equations and combining them.

Worked example 3

'L Plot the graphs of each pair of equations. Then solve the pair of equations
" forxand y using an algebraic method and compare the solutions to the
graphical solutions.
a) y=—x+landy= —-t::x b) y=-2x-2andy= EII =

ETS

1 a) Graphical method:
Both equations are in standard form (also called “gradient—intercept” form)
S0 we can plot the graphs directly from the equations.

y=-x+1 v
™ A

J.-' g

o p—
W,

k4
-

Figure 2.2

The two lines appear to intersect at the point (3, -2).
Algebraic method (using substitution):
Substitute y = —%x intoy=-x+1.

—%—x =—x + ]

i1 ; HBH _
‘-_"1 ¥=1 The graphical method is accurate
for whole number solutions, but it is
sometimes more difficult to get
accurate solutions for fractions,

Substitute ¥ = 3 into y=—x+ 1
Sp==—2
= the solution is (3, =2).
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b)

How t

Worked example 3 (continued)

Graphical method:
y=-2x-2 }
. rs
5
o
3
1 i
y==x+2
¢ 3 iz 1
5532 Mol 4 g8 85"
4
b
=] -
=
= |
v §

Figure 2.3

The point where the two graphs intersect appears to be at about (-1 : 1:]

Algebraic method (using elimination and substitution):

p==2x=2 @

y= %x +2 (@) Subtract(])-(2)to eliminate y
0=-21x—4

x=-’-1-x—-;:-——% —-—T-%

Substitute x = —1% into @: y= —2{—%} -2= 35 -2= 1;:;

- the solution is L—IZ, Ig}

o solve real life problems

step 1: Choose variables to represent the quantities you want to find.
step 2: Write two equations using these variables and the information given.

Step 3: Use one of the methods for solving the systems of equations.
Step 4: Check your answers by substituting your ordered pair into the original
equations. I

Worked example 4

1 A waiter at a fast-food shop gives one group of people a bill for K140 for l
two toasted sandwiches and three burgers. Another group get a bill for
K160 for four sandwiches and two burgers. Calculate the cost of one toasted
sandwich and the cost of one burger. F

40
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Worked exam

Answer
‘1 Let the numbe
Write the equa
2t + 3b =140
4t + 2b = 160
4t + 6b = 280
—4b=—-120
b=30

Substitute b=
2t + 3(30) = 14
2t=350

t=25

S0 burgers cost

Activity 2 I8

1 Draw graphs of

3

an algebraic
a) y=x-+9an
C) x-3y=6a
Solve the follos
solving them &
a) A school ha
15 vehicles
cach seat 7
many of eal
The total ca
of 3§ applesi
mango?
[Extension] Wi
using substituts

b)

The sum of twe

the numbers?

Linear inequatio
You have solved ines
number line, for exs
For an inequabon
like the equation for
Example: y < -2x



3 13
about e II}

find.
jon given.
[

b the original

or K140 for
et a bill for
2 of one toasted

‘I Let the number of toasted sandwiches be f and the number of burgers be b.

]

Norked example 4 (continued)

Write the equations and solve by elimination.

2t + 3b =140 D
4+ 2b = 160 2
4t + 6b = 280 (3 Multiply (D) by 2 to get equation (3).
—4b=-120 Subtract (3) from (2).
=30

Substitute b = 30 back into (1)
2+ 3(30) = 140
2t=350
[ =25
50 burgers cost K30 each and toasted sandwiches cost K25 each.

L Draw graphs of the following pairs of linear equations and solve them using

an algebraic method.

a) y=x+9andy=2x-3 b) _Vv--_fx—ZandJ'z';f:c+3

c) x—3y=6andx+yp+6=10 d) }'_x1— Gandy=-x+2

Solve the following problems by first writing two equations and then

solving them using an algebraic method.

a) A school has 231 learners who all go out on a school outing. There are
L5 vehicles in total: minibuses and bigger buses. The minibuses can
cach seat 7 people, and the bigger buses can carry 25 learners each. How
many of each type of vehicle did they use?

b) The total cost of 12 apples and 8 mangos is K84, while the total cost
of & apples and 12 mangos is K96. What is the cost of each apple and
mango?

[Extension] Write equations for the following problem and solve them

using substitution.

The sum of two numbers is 17 and the sum of their squares is 145. What are

the numbers?

Linear inequations (inequalities)
¥ou have solved inequations in one variable, and plotted the solution on a
number line, for example x < 3.

For an inequation in two variables, we write it in the standard form ysmx+b,

like the equation for a straight line. This makes it easier to plot the graph.
Example: y < -2x + 3.

a
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How to graph an inequation

Step 1: Graph the boundary line of the inequation.

= Plot the line as a broken line if the boundary line is excluded (if a < or > sign

is used).

= Plot the line as a solid line if the boundary line is included (if a = or z sign is

used).

Step 2: Choose a simple point which is not on the line and substitute it into the

Inequation.

* If the point makes the inequation true, then it is in the solution region.

= If the point does not make the inequation true, then the solution region is on
the other side of the line.
5tep 3: Shade the solution region,

Hemember that the set of all points (x, 1} that satisfies the equation ¥ =—2x + 3 are all the
points that lie on the line. So the solution to ¥ = =2x + 3, is the set of all the peints that lie

on the line or below it

Figure 2.4

The area under the line is shaded and the boundary line is solid. This indicates that the
line and the points below it are included in the solution.
To test that the correct area is shaded, substitute some sample points into the inegua-

tion: for example (0, O} and {4, 1).

(0, 0)
ye-2x+3
0=-2(0)+3
0=3

This is a true statement so the

correct area is shaded.

42 Topic 2 Lincar programming

(4, 1)

Ye=—2x+3

1=-2(4)+3

1==5

This is not a true statement so this point
is not in the shaded region.

—

B > 1

Norked exampl
1 Graph the
Draw the graphs

First write the
2x—3v< b
-Iy<-22+6
|
" The direction of
due to dividing by
- The line is broken
B included in the
= Test point: (1, 1)

“Test point: (0, 3)
¥>x+1
3>0+1

This is a true
region above




Worked example 5

stitute it into the

(if a < or > sign L Graph the solution to 2x — 3y < 6.

2 Draw the graphs of y > x + 1 and y < x + 1 on separate sets of axes.
PR iE a < or 2 sign is ANSwers

1 First write the inequation in standard form.

. =k - —
2x-3y<6 : 1 i o N A R
By <-2x+6 P L I B B H j
plution region. y> -2 R e I
QI IES10M 15 01 The direction of the sign changes . ;~E|—Esv b i
L : b | 4l s 5
due to dividing by 3. ' ] |

The line is broken, as it is not
nclhaded At the soluton:

=2t ie -t pole (1, 1) ’ i
=8 the points that lie 22—y <6 i i :
2{1)-3(1) <6 i >
Fi=tah [ L
-1<6 S fg
This is a true statement so the _ﬂ—‘ o e
region above the line must il |
be shaded. i i |
2y>x+landy<x+1 Figure 2.5

mdicates that the e
QRS Requa- { Figure 2.6 l Figure 2.7 ki
Test point: (0, 3) | Test point: (0, -3)
¥o>x+1 | ¥=x+1
S04 1 —3=<0+1
3=>1 ‘ —3 <)
S S0 this paint This is a true statement so the This is a true statement so the

region above the line is shaded. | region below the line is shaded.
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1 a) Plot the graph of x = 2 on a number line.

b) Plot the graph of x 2 2 on the Cartesian plane. New wnrd
2 Sketch the following graphs. Cartesian plane
]I' a) y>xandy<x : (coordinate plane): flat

area containing the

b) 3x-2y<5 x-axis and the y-axis

C) y=xs2

Determine the wanted (feasible) and unwanted
regions of a graph

When you know how to graph individual linear inequations, you can move on to
solving systems of linear inequations.

A system of linear inequations is a set of two or more linear inequations that
you deal with at the same time. This will result in a few shaded areas. The overlap
between the shaded areas is the area that satisfies all of them.

Worked example 6

1 Solve the following system of inequations.
2x—3y=<12
X+ 5y=20
xz0

Answer

Write the inequations in
standard form.

yz(3x-4

1
}-’S[—E;I'}X-i-‘i-
xz0

Sketch the linear graphs. BSEEE e
' 1 REERE

,.f'_;:—'h |2'5

Figure 2.8
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@rea and so the unwa
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W Activity 4+ IS

1 Sketch the follow
unshaded.

a x+ys2
Ix-2y+ 6 <!
x>-1
20




word

plane g
plane): flat

E=ning the

0 the y-axig

anted

pations that
& The overlap

move on to

Worked example 6 (continued)
e graph of x = 0 is the y-axis.
€0 shade in the solution region for each graph,

b

£ast, show the region where all three

of the inequations are satisfied. This is
dndicated by the overlapping region

between all three lines.

M the system of equations in Worked example 6, the three ine

Soundary lines for a triangular region w
¥his is the wanted or feasibility region,
mnwanted region.

In linear program ming, however, we show the feasible region as an unshaded
#5ea and so the unwanted region is the shaded area.

quations form
hich is the solution area for all of them.
and the rest of the coordinate plane is the

New words
feasible (wanted) region: the solution area on a graph of one or more inequations

not feasible {unwanted) region: the rest of the coordinate plane which is not oCcCupied.
By the solution area on a graph of one or more inequations

Aotivity + [

1 Sketch the following sy

stem of inequations and leave the feasibje region

unshaded.

a) x+ys2 b) 3x—y<s6 €} x+2y<l
x-2Zy+6<0 -2<x<? x=2
x =1 y=-1
¥y

45
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d) 6y+xz11 €) Zx+y>-1 f) y-3<0 . Worked exam
1152x4 y 2y-x+2<0 2x+y+420 Y Find the

Ix-y=6 X=y—-1=<90 ’ ]

5 constraints:

- i S, CEe s Zy' =14 1
Determine the maximum and minimum values B 3y >0
for a problem =<2

Mrs Lupunga B
Linear programming is the process of taking a few different linear inequations She makes a pa

relating to a particular situation, and finding the optimal (best) value in those " The business
circumstances. For example, in the manufacturing industry we could consider the they can m
materials and labour available for a particular job, and find the best combination one-third as
of the number of items that can be produced to make the maximum profit. Note ' make to get the
that not all mathematically correct solutions are practical solutions. |
So far, we have found a region of possible solutions by graphing ineguations.
The inequations that we graphed in the previous section are formed from the
constraints of the situation.

laswers I
1 Objective fune
Constraints (in
y= —éx +7
= - < = 3x
Solving a linear programming problem E
Linear programming problems always have information about quantities that Graph the ineg
need to be optimised (maximised or minimised), depending on a few conditions regions that &
(constraints). To solve this kind of problem we need to identify and write down leave the feasibl
an equation using the information given. We call this optimisation equation the From the graply
objective function. the vertices are §
We then need to find the coordinates of the vertices of the feasible region. and (-1, -3). 5
The maximum and the minimum values are always found at the coordinates of need to use alge
these vertices. Finally we need to substitute the values of these vertices into the to find the soluf
objective function to find the maximum or minimum value. Substitute thes
objective funcil
New words . L (2, 6):2=32) %
constraints: the conditions that must be satisfied in an optimisation problem (6, 4): z=3(6) =
op_timifse: to ﬁm_:! the best solultian _ : , (-1, -3): z =34
nl?jgcbve fun::pon: the equation we use to determine the optimal {(maximum or The movime
minimum) selution
vertices (plural of vertex): the corner points of a geometrical figure

| The minimum:

‘2 Variables: x=mn
How to solve a linear programming problem ¥ =nu
S5tep 1: Choose the variables, ' Objective functi
Step 2: Write the objective function. Constraints (in 8
Step 3: Determine the constraint inequations and arrange into standard form. x=5

Step 4: Draw graphs of the inequations and indicate the feasible region. =5 g
Step 5: Find the coordinates of the vertices and substitute the values into the P x+ys8a ys=

objective function. x> iy = 5_'

Step 6: Write down the answer. ;
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meguations
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Write down
equation the

region.
inates of
into the

Worked example 7

x

1 Find the maximum and minimum value of z = 3x + 4y with
constraints:
X+ 2p< 14
Ix-p=z0
X—y=2

the following

Mrs Lupunga has a business where she designs and makes copper jewellery.

She makes a profit of K25 from each bracelet and K30 from
The business can make a maximum of 5300 of each item eve

each necklace.
ry month, and

they can manufacture up to 800 items per month. She must make at least
one-third as many bracelets as necklaces. How many of each item should she

make to get the most profit?

Answers
1 Objective function: z = 3x + dy.
Constraints (inequations in standard form):

ys< —é—x +7 (D
¥ < 3x @
pzx—2 3
Graph the inequations. Shade the
regions that are not feasible and
leave the feasible area unshaded.
From the graph we can see that
the vertices are (2, 6), (6, 4)
and (-1, -3). (Sometimes we may
need to use algebraic elimination
to find the solution points.)
Substitute these values into the
objective function z = 3x + 4y.
(2,6):2=3(2) +4(6) =6+ 24 =30
(6, 4): 7= 36)+4(dH=18+16=32
(-1,-3): z=3(-1) + 4(-3) =-3 - 12 =-15
The maximum value of z is 34 and occurs at (6, 4).
The minimum value of z is —15 and occurs at (-1, =3).
Variables: x = number of bracelets (in hundreds)

¥ = number of necklaces (in hundreds)
Objective function: Profit = 2 500x + 3 000y
Constraints (in standard form inequations):
x5
¥s5
X+p=8 o ys—x+8

o ;1 Sysdx

feasibia

Il -

Figure 2.10

Note

We muttiply the price by 100
because each variable refers
to 100 pieces of jewellery.

Sub-topic 1 Linear programm ing
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Worked example 7 (continued)

as necklaces so neither x nor y can be equal to zero. We can write two more
constraints. (This restricts us to the first quadrant, not including the axes.)
x>0 &

y= 0 ®)

Graph the inequations. Shade the regions that are not required. The feasible
region is the part that remains unshaded.

e
2w
=)
W=
PR
R
= S
[ S
Figure 2.11
Vertices:

There are three vertices of the feasibility region that we need to consider.
Graphs (and 3 x=5, y=—x+8, 50 (x, ¥) = (5, 3)

Graphs @ and @: y=3y=—x+8,350(x =133

Graphs @ and @): y =5, y=3x, 50 (x, ) = 3, 5)

For the other vertices of the feasibility region:

* Considering the point where graphs (5) and () intersect: we have the point
(0, ) and both x> 0 and y = 0, so we don't consider this point.

* Also the point where graphs @ and (5) intersect does not exist, as y > 0.

Substitute the values into the objective function:
(5, 3): Profit = 2 500(5) + 3 000(3) =21 500
(3, 5): Profit = 2 500(3) + 3 000(5) = 22 500
(§ 5): Profit = 2 500(3) + 3 000(S) = 19 167

The point that maximises the profit of K22 500 is (x, ¥) = (3, 5).
So Mrs Lupunga’s business should make 300 bracelets and 500 necklaces
per month,

48 Topic 2 Linear programming

The problem also states that she must make at least one-third as many bracelets

Activity 5
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any bracelets ﬂCtWitY 5

O MOTE 1 A company launches a countrywide advertising campaign. They would like

AXes.)

feasible

to award at least 40 prizes with a total value of at most K2 000. The prizes

are calculators, valued at K60 each, and pens, valued at K40 each.

Let the number of calculators be x and the number of pens be y.

a) Write down two constraints other than x >0 and y > 0.

b) The company decides that there will be at least 10 of each prize. Write
down two more inequations for these constraints.

) The cost of manufacturing a calculator is K24 and a pen is K16. Write
down a cosl equation which can be used to calculate the cost ('} to the
company of the calculators and pens. This is the objective function.

d) Sketch the graph of the feasibility region for all the possible
combinations of calculators and pens.

e} How many of each prize will represent the cheapest option for the
company?

f) How much will this combination of calculators and pens cost?

A bakery produces two types of cupcakes: chocolate and vanilla. Each batch

of chocolate cupcakes requires 4 kg flour and é kg butter. Each batch of

vanilla cupcakes requires 2 kg flour and 1 kg butter. The bakery has 3 000 kg
flour and 1 200 kg butter available to use. How many batches of each kind
should they bake to maximise the profit?

Mr Muchimba is a farmer who grows maize and sorghum. He must plant at

most 40 hectares of the two crops. He must spend at least K132 000. It costs

him K12 000 to sow one hectare of maize and K6 000 to sow one hectare of
sorghum. He needs to plant more maize than sorghum, but he must plant at
most 18 hectares of sorghum. If the profit on maize is K800 per hectare and
on sorghum K500 per hectare, what combination of the two crops should the
farmer plant to make a maximum profit and what is this profit?

the point

Use a search line to find the maximum and

minimum values

S0 far we have found the maximum or minimum values by substituting the values
of the vertices of the feasible region into the objective function.

We can also use a search line to find these values by turning the objective
function into a linear function and plotting it on the same graph.

New word

- Mr‘m line: a moving line with the same gradient as the objective function which is
“drawn through the vertices of the feasible region to search for the optimal value.
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Let's look back at Question 1 of Worked example 7.

Find the maximum and minimum value of z = 3x + 4y with the following
constraints:

x+2y<14

Jx-y=z0

X—-ys2

The objective function is z = 3x + 4y. How would we write a linear function to
represent this? It has three variables so we cannot plot the graph. However we can
write the equation in standard form and determine the gradient, which is all we
need for a search line.

Objective function: z = 3x + 4y

N i
Y 5
SYy=—AF 3E !
s Gradient is —=.

4
MNow draw lines with gradients equal to —::,f- that pass through each vertex of the

feasible region. Look at the dashed lines in the graph below.
To draw a line with a gradient of -3, remember that:
= the line slopes down from left to right, as it is negative
= the change in y-value is 3 units for every 4 units change in the x-value.

Gradient of search line is: —‘1

b 71 Search line & |

it
Figure 2.12

As the search line moves from left to right, with its constant gradient, the last
vertex that it intersects is C(6, 4), so this vertex will give the maximumn value of
the objective function z = 3x + 4y,

50
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Worked example 8

SHitalu runs a small business making carvings for the tourist market in Lusaka.
Eakes him two hours to make a small wooden statue that needs 100 ml varnish.
W takes two hours to carve a larger statue that needs 400 mi varnish. Chitaluy has
@600 m] varnish in stock. He can work for 20 hours. Chitalu has orders for at

Bast two small statues and at least one large statue,

If he makes K300 profit on each small statue and K400 on each larger statue,

W many statues of each type should he carve to make the most profit?
What is the most profit he can make?

er

P 1: Choose the variables.
Let the number of large statues be ¥
Let the number of small statues be x
€p 2: Write the objective function: this is the profit equation
£ =300x + 400y
P 3: Write the constraints making y the subject of the inequations.
He has 20 hours to do the work: 2y +2x < 20
LVE—x+ 10
100x + 400y < 1 600
Lys—px+4 @)
He must make at least two small statues and one large one:
xz2
yel

@

He has 1 600 ml varnish available:

©)
@

| p = 300x + 400y

Rearrange the equation: v =—§—{H]r 7
8 Sl o 4007 T 400

Gradient is — :

WS the search line moves from left to

Mmght, the last vertex that it intersects is

a'l 18, 2), which is 8 small statues and

2 large statues.

Substitute the coordinates (8, 2) into
#he objective function.
= 300x + 400y
- P= 300(8) + 400(2) = 2 400 + 800 = K3 200

80 his maximum profit within the S O S
eonstraints is K3 200. ol 12 34 56783 %
i Search line

Figure 2,13

a1
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N

Use the graphs you drew in Activity 5 for this question.

a) lind the gradient of the search line for each question.

b) Draw the search line through each vertex.

¢} Can you confirm the answers you calculated in Activity 57

A parking lot needs to be marked into parking spaces for cars and trucks.

The spaces for cars each need an area of 10 m? and those for trucks 30 m?,

The total area available for all the spaces is 2 000 m2. There must be at least

20 car spaces and 20 truck spaces.

a) If you let the number of car spaces be x and the number of truck spaces
be y, express the conditions above as inequations.

b} Mustrate these inequations in a diagram.

¢) If the parking charges are K15/hour for a car and K25/hour for a truck,
how many car spaces and truck spaces will give the maximum possible
income?

d) Calculate the hourly income if : of the car spaces and L of the truck
spaces are full.

A copper minge must produce the following quantities of copper:

1 000 tonnes Grade 1: 700 tonnes Grade 2; 2 000 tonnes Grade 3 and

4 500 tonnes Grade 4. Copper Levels A and B can be mined at a cost of

K4 000 and K10 000 respectively per shift. The returns in tonnes per shift for

each level are indicated below:

400 |

100 | 200 |
1500 |

100 ' 500

Let the number of shifts per week on Level A be x and Level B be y.
a) Determine in terms of x and w

(i) the cost to work both levels per week

(ii)
b) Draw a graph to find the values of x and y that will minimise the costs

and determine the minimum cost.
A 48-seater plane allows its first-class passengers 60 kg luggage and
economy-class passengers 20 Kg. The total weight of luggage allowed is at
maost 1 440 kg, The profit on a first-class ticket is K300 and for economy-
class K150. Using a system of equations and a graph, determine how many
passengers in each class must be transported for maximumnm profit.
Mulenga wants to set up a computer centre for students. She has K75 000
to buv computers. She can set up at most 15 computers in the area she has
available in the centre. Two types of computers are available: Cerebro and

the constraints.

Topic 2 Linear programming
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Activity 6 (continued)

the more powerful and faster Kentek computer. Mulenga needs at least 5

Cerebro computers and 3 Kentek computers. Cerebro costs K6 250 and

Kentek costs K7 500,

a) Write a system of inequations to represent the above information.

b) Draw a graph to determine the feasible region.

¢) The rates for using the computers are K45 per session for Cerebro and
K75 per session for Kentek. Draw the profit line on the graph in the
optimum position.

d) What is the maximum profit per session that she can make?

A furniture shop owner has K42 000 to buy rugs to sell in his shop. He buys

either woollen or polyester rugs. He can keep a maximum of 70 rugs in the

shop. There must be at least 10 of each stock item. The price of woollen rugs

is K1 200 each and the polyester rugs are K600 each. He can sell at most

three times as many polyester as woollen rugs. The profit for each woollen

rug is K600, and the profit for a polyester rug is K300,

a) Write down the constraints.

b) Find the wanted region by graphing the constraints.

c) Use a search line to find out how many of each rug he must purchase for
a maximum profit.

d) Calculate the maximum profit.
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Summary, revision and assessment

Summary

* An equation in one variable can be solved by simplifying the equation until the
variable is on its own on one side of the equation. This is the solution.

* An inequation in one variable is solved in the same way, except that the
direction of the inequation changes if multiplying or dividing one side of the
inequation by a negative number.

* The solution to inequations in one variable can be represented on a number line.
* A linear inequation in two variables describes an area of the Cartesian plane that
has a boundary line. Every point in that region is a solution of the ineguation.

* Linear programming is a mathematical technique for maximising or minimising
a linear function of variables such as output or cost.

* The objective function (optimisation equation) is the relationshi p that uses
the variables to calculate a quantity that can be optimised, i.e. maximised or
minimised. It is the equation connecting the variables, which leads to a solution.

= Linear programming consists of these steps:

— Step 1: Choose variables to represent the quantities that need to be optimised.

— Step 2: Write down the objective function.

— Step 3: Represent all the constraints of the problem as inequations.

- Step 4: Draw the graph showing the constraints and the feasible region.

— Step 5: Find the gradient of the search line from the objective function.

— Step 6: Draw the search line through each vertex of the feasible region to find

the vertex that will optimise the result.

- Step 7: Substitute the coordinates of the vertex into the objective function to

find either the maximum or minimum values, or to find the solution.

Revision exercises (Remedial)

I The perimeter of a square must be less
than 160 m. What is the maximum
length of a side in metres? Write down
an inequation to show this.

2 Write down the equation that forms

each boundary line of the feasible

region shown in Fig. 2.14.

Figure 2.14
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ision exercises

§ Write down the solution and represent it on a number line.

a} Zx—-33=11 ]_)]. 1‘%1 o =5 c) i U .‘12/\' < 4

+2 x+2

d‘} Ez_:i 5 ‘l'—__'i.t’_ = X+2 E} 4; - ‘:T:! 5

57 - #%

The number of small tables at a wedding venue is represented by x and the

number of large tables is represented by y. Each small table seats 6 people and

each large table seats 10 people.

a) Write down an inequation to show the maximum number of people n
that can be scated at the restaurant.

b) If there are at most 120 people attending a wedding, write down an
inequation to show the possible values of x and y.

c) Write this inequation with y as the subject.

d) Draw the graph and indicate the feasible region to show the possible
values of x and v,

There are 50 learners on a bus. If 6 more boys get on the bus the number of

boys will be three times that of the girls. How many girls were on the bus to

start off with?

A vehicle manufacturer produces two types of motorcycles, the Speedster

and the Forcestar. These are sold at a profit of K20 000 per Speedster and

K10 000 per Forcestar. The Speedster requires 150 hours for assembly, 50 hours

for finishing and 10 hours for checking and testing, The Forcestar requires

60 hours for assembly, 40} hours for finishing and 20 hours for checking

and testing. The total number of hours per month is: 30 000 hours tor the

assembly department, 13 000 hours for the finishing department and 5 000

hours for the checking and testing department.

Let x be the number of Speedster and y be the number of Forcestar

motorcycles they manufacture each month.

a) Write down the constraints.

b) Draw a graph to represent the constraint inequations and indicate the
feasible region.

c) Write down the objective function in terms of x and y. Find the gradien!
of the search line.

d) How many motorcycles of each model must be produced in order to
maximise the monthly profit?

e) What is the maximum monthly profit?
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Summary, revision and assessment (continued)

Assessment

1 Miyoba has K300 to spend on some clothes. He needs a pair of jeans

which cost K120 and he can buy shirts for K25 each. How many shirts

can he buy? {4)
2 The velocity v in metres per second (m/s) of a ball thrown straight up in the

| Velocity-time grap
air is given by the equation v = 50 — 51, where t is the lime in seconds. |
a) At what times will the velocity be less than 30 m/s? (4) i ]
b) At what times will the velocity be between 5 m/s and 15 m/s? (4)
c}. LI.Ian the velocity be ;_;rez{ier than ﬁ{}.mfa? Explain. : (2) Chileshe goes fol
3 Use simultaneous equations to solve this problem: The sum of
: ol W= e : show how far she
Wamunyima's age and Penjani’s age is 60. Six years ago, Wamunyima 'r‘
was three times as old as Penjani. Find both of their ages now. (6) - il
4 In a certain week an electronic tablet manufacturer makes two types of tablets:
gold and black. At most 60 of the gold tablets and 50 of the black tablets can
be manufactured in a week. At least 80 tablets must be produced in a week =
to cover the costs, It takes ;; hour to assemble a gold tablet and ! hour to X
assemble a black tablet. The factory works a maximum of 60 howrs per week. §
a) Allocate the variables and write down the constraint inequations. (6) =
b) If the profit on a gold tablet is K400 and on a black tablet is K500, =)
write down the equation that represents the amount of profit that '
they can earn. (2)
¢) Draw a graph and plot the constraints. Indicate the teasible region. (4)
d) Draw a search line on the graph that represents the objective function
{(optimisation equation). (2)
€) Use the graph to determine how many gold tablets and how many
black tablets are to be manufactured for maximum profit, (2] Figure 3.1

f) What is the maximum weekly profit? 1 Discuss with @

a) Why do we

b) The graph ¢

shows displ
scalar?

2 What is her fur

3 a) During whi

b} What is hes

4 For how long &
S a) Whatis
b) What is
6 Why is the
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Travel graphs

Specific Outcomes

* Caleulate the displacement in a velocity—time
graph.

Sub-topic

W=iocity—time graphs (curves)

Starter activity

Shileshe goes for a walk from her house. She sketches the graph in Fig. 3.1 to
BOw how far she is from her starting point at different times.

B

"
e e e e
I
I
i
i
i

¥
!
i
i
8
i
i
i

b e e e
"
il
i

11:00 12:00 z 14:00 15:00 16:00 18;0(]7
i Time (h)

L
rFﬁ;ur& 3.1

1 Discuss with your partner
~ a) Why do we show time on the horizontal axis on this kind of graph?
b) The graph starts at 0 km and ends at 0 km. Do you think that the graph
shows displacement, which is a vector quantity, or distance, which is
scalar?
2 What is her furthest distance from her home during the walk?
3 a) During which time period does she walk the fastest?
b) What is her average speed during this time period?
* 4 For how long does she stop during the walk? Explain how you know this.
5 a) What is her average speed for the whole walk?
b) What is her average velocity for the whole walk?
6 Why is the slope decreasing in the last part of the graph?
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Revision of travel graphs

Travel graphs are line graphs that are used to describe the motion of objects such
as buses, cars, trains, cyclists and people walking. A travel graph shows a journey
or a trip.
We can depict travel graphs in various ways depending on which quantities we
want to show on the graph.
= In a velocity-time graph, we represent the velocity on the vertical axis and the
time taken on the horizontal axis.
= In a distance-time graph, we represent the distance travelled (displacement) on
the vertical axis and the time taken on the horizontal axis.
« In an acceleration—time graph we show acceleration on the vertical axis and

time taken on the horizontal axis. Did o
Time is always on the horizontal axis, BE JORERUN:
In Physics, the study of the motion
of objects is called kinematics.

snvert 70 km/h to
P = %baﬁt = heigh

Area = %Uﬂ} x19.44 :
Msplacement = 972

The slope of a veloQ
because velocity is
measured in m/s.
Here the car hass
0 19.44 m/s in 108
oL acceleration = 194

because it is the independent variable.

We are going to focus on velocity-time
graphs in this toepic.
First we revise the situations of constant velocity and constant acceleration.

Constant velocity
Fig. 3.2 shows the velocity—time graph for a car that is travelling at a constant
velocity of 70 km/h for 2 hours.

Worked exam
1 Look at the ve
road.

v

70 km/h

Figure 3.2

The area under this straight-line graph is rectangular in shape.

The shaded area = 2 h = 70 km/h = 140 km.

The area under a velocity—time graph gives us the displacement of the car.

As the velocity is constant, there is no acceleration. The gradient of the graph is 0.

The area under a velocity—time graph indicates displacement.

d) What is i

28
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onstant acceleration
consider the case when a car

lerates steadily from a velocity
Wt 70 km/h in 10 seconds.
on of objects such gure 3.3 shows this situation.

shows a journey (Again, the area under the graph will
’ the displacemnent. Notice that the
BOcity is in kilometres per hour and
e is in seconds. We need to convert
Sertical axis and the units to find the displacement.

B which quantities we

Figure 3.3

&d (displacement) on gmvert 70 km/h to m/s: (70 x 1 000) + 60 = 60 = 19,44 m/s
TEd = %bﬂse x height

wertical axis and o2 = -21-{1Uj x19.44 = 97.2
splacement =97.2 m

slope of a velacity—time graph gives the acceleration. This makes sense
E L . : . . change in velocity ;
ecause velocity is measured in m/s while acceleration is Slon&e In velocity and is

5 change in time
gasured in m/s> i

t acceleration. Here the car has accelerated from zero

0 1944 m/s in10s The slope of a velocity-time

3 atipn = 19:44-0 _ 2 raph indicates acceleration.
R Racceleration = 212=0 = 1.94 m/s graph :

. Worked example 1

1 Look at the velocity-time graph (Fig. 3.4) for a motorbike driving along a
road.

Va (kmih)

100
&0
G0
40
20

15 20 25 ;0
It of the car 5

gt of the graph is 0. Figure 3.4
a) Describe the movement of the motorbike over the whale time period.
b) Calculate the acceleration from t=0stot=10s.
¢) Calculate the acceleration between t=15sand t=20s.
d) What is the total displacement of the motorbike during the 25 seconds?
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Answers

the last 5 s.

is slowing down.

a trapezium.

80
&0
40
20

Sum of the four areas

1]

Worked example 1 (continued)

. (krmih)

= :";;-;5"S =—1.11 m/%?

a) The motorbike accelerates steadily from a stationary position to 80 km/h
in 10 s and then maintains a constant velocity for 5 s before decreasing the
velocity to 60 km/h for 5 s, and then decelerating to a velocity of zero for

b} The acceleration is the slope (gradient) of the graph.
First convert km/h to m/s: 80 km/h = 80 000 = 3 600 = 22.22 m/s
Acceleration =22.22 m/s + 105 = 2.22 m/s2

c) At t=20s, the velocity is 60 km/h = 60 000 + 3 600 = 16.67 m/s

- = =¥
Acceleration = %22_:£

Notice that the acceleration is negative here. This shows that the motorbike

d) The displacement is the area under the graph, which can be broken into
parts, as shown in Fig. 3.5. The four shapes are two triangles, a rectangle and

Figure 3.5

displacement = area of trapezium =(

=361.11 m

22.22 + 16.67
7

5 10 15 20 25

From t =0 to { = 10: displacement = %{lm x 2222 mfs=111.1 m
From t=10to t = 15: displacement =22.22 m/s x 55=111.1 m
Fromt=15stoft=20s:

15=97.23m

From t =20 s to f = 25 5, displacement = %{5} x 1667 =41.68 m

2
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Calculate the
distance that
cvclist coven
Calculate the
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1 In each case sketch a velocity-time graph and find the displacement in

a) A cartravels ata steady velocity of 85 km/h for 3 hours.
b) A motorbike decelerates (slows down) steadily from a velocity of
64 km/h until it stops 5 s later.
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- Activity 1 (continued)

¢) A bicycle accelerates steadily from 5 km/h to 30 km/h over a period of 30 s.
d) A car decelerates steadily from 90 km/h to 50 km/h over a period of 9 s.
An athlete does a training run where she needs to increase her speed
throughout the run. She uses a GPS watch to measure her velocity and the
time of a training run. She draws
the graph in Fig. 3.6 to summarise
the run. In the figure, velocity v is
in km/h and time ¢ is in min.
a) Describe the athlete's
training run.
b) Compare the acceleration
e motorbike in the first 15 min of the
mun to the acceleration in
into the time between f = 35 min
angle and and 45 min.
¢) Calculate the total distance
that she covers during the run.
d) What is her average speed
in kim/h?
Fig. 3.7 shows the velocity
and time for a cvclist’s
attempt to reach a velocity
of 20 m/s. Use the graph
to answer the questions.
a) Convert 20 m/s to km/h.
b) Explain whether the
cyclist was able to
sustain a velocity _
of 20 m/s. 0 10 20 30 40
¢) Calculate the total
distance that the
cvclist covered in this time period.
d} Calculate the acceleration between 60 = [ = 80,

10 80 kmy/h
Becreasing the
of zero for

l.

o 10 50 # (min}y
Figure 3.6

' 4 (mis)

|1
i

[==]
=]

=

Figure 3.7

Velocity as a function of time

We can describe velocity—time graphs where acceleration is constant by a formula
for a straight line function:

Ement in
vty = v, +ait

where vit) is the velocity or final velocity, v, is the initial velocity, a is the

acceleration, At is the change in time. This is the equation for velocity as a

function of time, or v{t).

bty of
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Compare this function v(f) = aAt + ¥, to the standard form of the linear
function y = mx + c.
* The intercept with the vertical axis ¢ will be the starting velocity A

* The gradient of the graph m1 is equal to a, the acceleration, which is constant for

linear functions.

You do not need to use this formula each time. You can simply use the standard

form of the linear function for all velocity-time functions.

The units must be consistent. If t is measured in seconds, then v must be distance
covered per second.

Worked example 2

1 A cydlist accelerates from rest to a velocity of 750 m/min during the time

period £ =0 to t= 15 min. He maintains this velocity for 10 min, before
decelerating steadily at —375 m/min? over 5 min.
a) Draw a sketch graph to show the cyclist’s motion.
b) Write three equations in the form of a linear function for the three
segments of the trip.
¢} Calculate the total displacement.
2 A ball rolls along a straight line at 15 m/s for 0 < t < 2 and the velocity

increases to 25 m/s steadily during the period 25 m/s for 2 <t < 5 where t is

measured in seconds.
a) Sketch the graph of the velocity function.
b) Find the displacement of the ball for the time pericd 0 < t < 5.

c) Write down two different equations for v(f) where 0= t<2and0s 1< 5.

Answers
1 a)

& [rmming

800

TOCE= ==

s R e TR

&00 e e b e e i e e :
400
= B
200F----

B e
B e e e

mqrnmm
B s s et EEEE

g
Lt LT .

= b e L

A0 e

g

e e o e o o el o gy

: E 10

- PR
L]
o
e ]
&
w e |
8
s
3
=

Figure 3.8
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b) First %eg:u
v, =0; il
-8
v(t) = SDAS
Second seg
v, =750 m|
Equation: §
Third segm
v, = 750 m
Equation: 8

¢} Total displs

2 a) Graph:
v & Ewn“
23 s
15—
——

]

i

|

3,

Figure 3.9 |

b) Total displag
) Where 0 <+
Where 2 <=
Calculate g =

vif) =




b is constant for

the standard

g the time
min, bEfDIE

the three

e velocity
£t <5 where ! is

Worked example 2 (continued)

b) First segment:

v, =0; vif) = 750 m/min; At = 15 min

_ Av Al .-"&-':l
a=5=5e = 50 m/s*

vit) = S0AL

Second segmerit:

v, = 750 m/min; v(f) = 750 m/min; At = 10 min
I:;quatlrm vit) =750

Third segmet:

v, = 750 m/min; a = _375 mfmin% At =5 min
‘tqummn y(t) = 750 — 375At

¢) Total displacement = [,,1;153{?50| (10 x 750) + [%{5}(?5{1}]

-2 a)

=15000m =15 km
Graph:
v, (mimin)
o

-

20

15

1
i
i
[
L
"
H
i
H
i
i
"
.
i
i
i
1
1
1
'
i
¥
1
1
}
i
¥
i
H
i
i
i

Y N et R e SRl 5

0 * ¢ (min}

Figure 3.9

Total displacement: (15 x 2) + 1(3)(15 +25) =90 m
Where 0 < t< 2: a= 0350 the LL]I.lEi'ﬂICIﬂ is vty =15
Where 2<t< 5
v 2515 _ 10
Calculate a = - '_r,Tf‘” -
l

i) =15+~

A [y R L P

i




Sl : : 4 An athlete §

1 The velocity of a car as it goes up a hill is given by the equation v = 20 - 3f, il
where  is the time in seconds and v is measured in metres per seconds. Accelersl

a) Draw a sketch graph of v against ffrom t=0to f=10s. Keep a c@

h) What is the displacement during this time? Accelerl

Fig. 3.10 shows the velocity function for a moving object. Keep a of
Decelerat

1 a) Sketch a
-] (R T T : b) Calculat
30 p-——t—-- H ['] Whﬂ.t is
by [ T : 12 km/k

10

v

i

1

|
siie

|

|

*

N e e Dt
I
1
3
1

Accelerat
0

: know how tt

y, the acceh

fferent kind +

a) What is the acceleration from: In Topic 1 yor
(i) t=Dstot=1s? ged and right-s
(ii) [=3stot=45?

b) Write velocity functions for all four sections of the graph. - —— %

¢) Calculate the total displacement from t=0tof=65.

Calculate the displacement represented by the shaded areas in these graphs:

v 4 (mfs) (10, 15) ) e
.

Figure 3.10 E

a)

Foure 3.15

REST SO S:
Figure 3.11 &rea under curw

0

<) :
” _. . Wheck these fomn

‘anderstand why
We apply asi

b

Ll e e i R S

12

o
=y
i

0

N

-

Figure 3.13 Figure 3.14
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“tivity 2 (continued)

BStion v - 20 _ 3¢ “An athlete plans to do the fF}Ilrmeng training run:
B -oconds: = Run at 10 km/h for 10 min
Ds. = Accelerate steadily over 30 s to 12 km/h
® Keep a constant velocity for 10 min
® Accelerate steadily to 14 km/h over 30 s
= Keep a constant velocity for 10 min
* Decelerate steadily for 1 min to come to a stop
@) Sketch a graph of this situation.
) Calculate the total displacement that he would cover during this run.
€} What is the velocity function v(#) for the period of acceleration from
12 km/h to 14 km/h?

tceleration which changes constantly

Mow how to work with graphs where there is a constant acceleration. But in
, the acceleration of moving objects is likely to change constantly. We need

terent kind of mathematics to deal with a constantly changing situation.

i Topic 1 you learnt how to approximate the area under a curve, using left-

#l and right-sided rectangles.

Bas in these graphs:

Right sums:
g8 under curve = h(y, + ¥, + y, + y, + ¥,) Areaunder curve = h(y, +y, + ¥, + ¥, +¥.)

 these formulae carefully against the graphs in Fig. 3.15. Make sure that vou
Berstand why each formula uses the variables it does.
We apply a similar method to velocity—time functions.
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Worked example 3

The table and graph in Fig. 3.16 show the velocity of a car as it goes from one
traffic light to the next.

0 2 4 6 E D i)

Figure 3.16

te [0, 12]

Estimate the displacement of the car in metres by dividing the area under the
graph into six sub-intervals of 2 seconds. Use both left sums and right sums
of rectangles.

Answer

The sub-intervals of 2 seconds are shown in Fig. 3.17.
At=23

va (m/s)

& 2 i

1271 (s)

Figure 3.17

We then draw rectangles under the curve with the left or right top vertex of each
rectangle touching the curve. The table gives us the values of the function v(t) at
each interval, so we don't need to find the equation ().

66
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. Worked exa

BY - 1 @

Left sums
figure 3,18

brom the table:

L © | 2

(m/s) EEVEREE

Left sums:
hrea = Af(y, + v, +%
=2(0+5+84
=70 |
| Bisplacement = 70
Ehece sums are ids

“ote

& We could find me
& The width of the s
sub-intervals.

| Activity 3
1 The tables of v
function at cen

(i) Draw a vel

(ii) Describew

(iii) Estimate @

Rl (<)
v [mis

b)




Worked example 3 (continued)

Rhags s o g

Left sums Right sums
WSigure 3.18

} om the table:

‘(s) T B R i"é_l 10 | 12
L v (m/s) 0 ’ o) i A il R 0
SLITIS: Right sums:
B2 = AHV, + v, 4, + 1, + v, + V) Area = Ay, FV, + v, + v, + ¥, + V)
e the =2(0+5+8+9+8+5) =2(5+8+9+8+5+0)
ﬁght SIS . =70 =70
Whsplacement = 70 m Displacement = 70 m

hﬂst‘ sums are identical, because the graph is symmetrical.

We could find more accurate estimates by using more values and namower strips.

= I

b The width of the strip if { = [a, bl is Af = P=a \uhere n is the number of sirips or

|
sub-intervals.

1 The tables of values below each show the w1 function and the values of the
function at certain sub-intervals of time. For each of the following:
(i) Draw a velocity—time graph on grid paper.
{ii) Describe what happens during the given time interval.
(iii) Estimate the distance travelled using the rectangle method.

8P vertex of each oM ) BEREIAEEAE LT B 7 g
v at Sl o | 5o | 71 | 87 100 | 112|122 | 132 | 144

152025303540 45 | 5.0

(RCICN 5.0 |69 | 8.6 |10.1

T1.¢|1?.h-13.4|1d1 146|149 (150
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Activity 3 (continued)
( -_ﬂ__|_2 1_4_"5 B | 10 |
3 e

v (mi's) 25 16 | g ( 4

d)

|
NEIEIEAE 5!5.?|E‘£|
20.0|14.0|11.5| 9.6 | 80 | 66 | 53 | 4.1 | a0 ‘ 2.0
2 A company driver drives his car at 36 m/s, when he sees a child running
into the road ahead. The driver brakes as quickly as possible.
The table xhrms the 5pu=d of lhr: car as 500N as the driver sees the child.

I T T ==
| 5 7 |
348 ?99 232 | 15.2 | 43 0

Draw a veluuw—tmm ;:,mph on gm:l paper to slmw this muauun
b} Calculate the displacement during braking using sub-intervals of
7 seconds.,
€) Draw up another table showing sub-intervals of 0.5 s. Calculate the
displacement using these sub-intervals.
3 The velocity of an object is given by the function v = £, over the interval
O=t=<8
a) Draw a sketch graph of the situation.
b) Describe the motion of the object over this time period.
c) Calculate the displacement of the object using
(i) & sub-intervals
(ii) 16 sub-intervals

Comment on your answers in c).
4 Consider the area under a graph of v(f) = —# + 5, in the interval 0 < t < 2.
a} Draw a sketch graph of the situation.
b) Calculate the displacement of the object using
(i) 5 sub-intervals
(ii) 10 sub-intervals
c) The actual displacement of the object during this time period is equal to
Ef‘ + 5f. Comment on your answers in h).

d) The actual area under this curve in this interval is equal to - E‘— 24 units.
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30 | 2.0

iid running

the child.

f

o

situation.
ptervals of

late the

fr the interval

l to ,Igt‘z 24 units.

fval 0=t < 2.

period is equal to

Summary

"% Travel graphs represent the motion of objects.

Summary, revision and assessment

In a velocity—time graph, the velocity is shown on the vertical axis and the time
taken to travel that distance is shown on the horizontal axis.

Time is always on the horizontal axis, because it is the independent variable.

If the acceleration is constant, then we can use the linear formula to describe a
velocity-lime function: wt) = v, + all

The slope of a v(t) function represents the acceleration and the area under the
graph represents the displacement.

If the acceleration is constantly changing the w(f) function will be represented
by a curved graph rather than straight-line segments. The v(f) function is then a
more complex function.

® The displacement under a curve is represented by the area under a curve.

The area under a curve for a v(f) function with changing acceleration cannot be
calculated as accurately as with a linear w(f) function.

We can estimate the area between two intervals by dividing it into sub-intervals
and calculating the area of rectangles or trapezium shapes under the curve.

The more sub-intervals there are, the closer the estimate will become to the
actual area.
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Summary, revision and assessment (continued)

5 a) Explain hoe
under a cus

b) The interva
into 10 sub

(i) What

(i) Listt

Revision exercises

1 A runner starts at the bottom of the hill at a sprint and then runs up the
hill with a constant acceleration. The velocity is given by the equation
v =5 - 0.1t, where t is the time in seconds and v is measured in metres
per second.

a) Draw a sketch graph of v against tfrom {=0to I =30 s,
b) What is the displacement during this time?

2 A cyclist accelerates steadily from rest to a velocity of 200 m/min during the
time period t, to t = § min. She then maintains a constant velocity for 15 min.
Finally she comes to a stop by steadily decelerating for 2 min.

a) Draw a sketch graph to show the cyclist’s motion.
b) Write three equations in the form of a linear function for the three
segments of the journey.
c) Calculate the total displacement.
3 Look at Fig. 3.19.
Vo

Figure 3.19

a) Write four equations in the form v(f) = v, + aAf for the four segments of
the trip.
b) Calculate the total displacement.
4 Calculate the displacement in each of these functions over the time periods
giver. Use 11 = 8 sub-intervals in each case.
a) Mth=4-t52<t< 6
by viti=x+4;te [1, 2]
c) vih=-£+3t= (1, 4]
d) vith=—t%1=<t=3

Topic 3 Summary, revision and assessment



muns up the
& equation

Bmin during the

pcity for 15 min.

the three

segments of

f time periods

ry, revision and assessment (continued)

Explain how the sum of rectangle approximations of the area of a region
under a curve changes as the number of sub-intervals increases.

The interval [1, 4] on a graph is our area of interest. Suppose we divide it
into 10 sub-intervals.

(1) What is the sub-interval length?
(ii) List the x-values at the boundaries of the sub-intervals.
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Summary, revision and assessment (continued)

Assessment

1 A water reservoir supplies water to a nearby town at a tlow rate in cubic
metres per hour as shown in Fig. 3.21.

rate & (mih)

400 f-==-r-- ; _
|
200

M

! Addition and subl
=

Iranslations

Scalar multiplicats
= =

+

o 1 2 2 4 5 6 7 8B 8 10 1M
v

Figure 3.20

Collinearity

Vector geometry

Starter activ
le\ at the map

a) Calculate the amount of water that flows out in the time O to 4 h.

b) Calculate the amount of water that flows out in the interval [8, 10].

¢) Does more water flow out of the reservoir in [0, 4] or [4, /7
I 2 Approximate the area of the region under the graph of w(f) = 100 - £ over
! the interval |0), 10] and with i = 10 sub-intervals. Use the midpoint of each
!

sub-interval. ! ? ::

3 Complete the steps for the given function, interval and the value of n l 0 Coi
inumber of sub-intervals); i i :::
(i) Sketch the vit) graph. ! ] 3
(ii) Calculate Atand the valuest;t;1;.... L . L
(iii) Draw up a table of values fm the valuesof vithat t; t; t; ... - d

(iv) Calculate the left and right sums.
(v} Determine which sum overestimates and which sum underestimates the
actual displacement.
a) vith=rf-1:t€|2, 4:n=4
b) vil) =251t |1, 6 n=10
The a::llllat formulas for displacement are as follows:
a)y s=

= p—

— { -
Zif :

o
h‘} 5= .-{'I{

i.
|

ura 4.1 I
a) Describe k:ﬂ
b} Which of -
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Vectors in two
dimensions

fate in cubic

Sub-topic Specific Outcomes

pduction to vectors =« Describe a vector.
s Represent and denote a vector.

kodition and subtraction = Add and subtract vectors.,

| = Apply translations on vectors and find magnitude.

calar multiplication = Multiply vectors by scalars.

Eollinearity » Determine collinearity of points.

BCior geometry = Solve geometrical problems involving vectors.

Eto4h
al [8, 10]. ~tarter activity
61?
100 - * over
jdpoint of each ! Key

| e Road
& Town
walue of n @ Capital clty
Provincial boundary DEMOCRATIC
| == Intemnational boundary |
i
i
‘t__,'-..-...-f'_

Bk at the map in Fig. 4.1

REPUBLIC OF THE

Bl

ARGOLA
mderestimates the Chisdurma

LIABAERWE

4] 104 200 300
Scale 1:13 206 071

NABMIBLA .

o it

gure 4.1
) Describe two routes you could use to travel from Mansa to Mpika.
8} Which of the two routes is shorter?
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5 & The lengih of
SUBR-TOPIC 1 \ntroduction to vectors _ N

Describe a vector

You learnt in previous grades that a vector
(size} and direction.

* Quantities such as displacement, translation, force, acceleration and velocity are bte that vec
examples of vectors since they have both magnitude and direction.

* Quantities such as time, energy and mass are examples of scalar quantities as fetors can b
they only have magnitude, not direction.

top numt
pre d the botto

i . . 4.4, the
e New word B

e +3 and a ve
translation: change in e arrowhea
% position

e often 1ahbs
e segment

is a quantity that has both magnitude vectorb

Figure 4.2
some examples:

Vector quantity (Magnitude and direction) | Scalar quantity (Magnitude only)
| A movernent of 5 m ta the right

A movement of 5 m

et Equal vec
An object with a weight of 100 N | An object with a mass of 10 kg
| {D:rectmn dcwrrwards to centre of the Ear1h:| 0 Vectors an

I grnitude and
| Jncreaqe ar dec:reaqe in temperature Tnmpemturn

e 2.1 Bir initial pol
|_‘u’r~loc|ty TSj:-ced

I gy I ¥ _ 8 Fig. 4.5 are @
Espra(:ement

[ Distance

-,' e directi
dn‘ectmn o
1 AH even tho

Represent a vector

Because a vector quantity always has magnitude and direction it can be BB - (5| and BA

represented in a drawing as a directed line s segment with a certain length. E |.3.| Gl
B

_ New words
tail: initial (starting) point of a veetor Similarly, CD =~
head: terminal lend) point of a vector
P
Figure 4.3

AB is a directed line segment of a certain length, with initial poeint A (tail) and
terminal point B (head).

74
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Both magnitude
pn and velocity are

far quantities as

A (tail) and

* The length of the line segment indicates the magnitude of the vector.
* The direction of the arrowhead indicates the direction of the vector.

We often label a directed line segment by the vector it represents. In Fig. 4.3, the
line segment AB represents the vector a. Similarly, the line segment PQ represents

the vector b, or if writing by hand, a and b.

Note that vector BA is not the same as AR,

Vectors can be represented in the form [¥), where

the top number, x, represents hDJ‘L/U[IL‘I{HIU?EH]E‘HE

and the bottorn number, y, represents vertical movement
In Fig. 4.4, the vector a = [’5 has a horizontal component
of +3 and a vertical component of +5.

The arrowhead is important, as it shows the direction.

Figure 4.4

1. Don't confuse vectors written in cmrdmate form fF] with fractions.

2. Don't confuse vector coordinates | X vl | with the calculation for the gradient of 2
straight lina.

Equal vectors

Two vectors are equal if they have the same
magnitude and direction, no matter what
their initial point is. The two vectors

in Fig. 4.5 are equal, soa=bh. .
Figure 4.5
The direction of vectors

The direction of vectors is very important. In Fig. 4.6, BA is opposite in direction
to AB, even though they are the same size and parallel to each other.

AB = _3_| and BA = |_jj;’]

Also, BA = -AB = _|'_:';'| » 'j"h

Similarly, CD

i‘s‘-
{ﬂ-l
1-3]

=5
Figure 4.6
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Worked example 1 oy

Write down the vectors represented in Fig. 4.7 in coordinate form.

dding ve

sum of twe
wectors. We
the parallela

w to add |
sum of twe

Figure 4.7
Answer

s=[gho=(Zpe-(3]

Activity 1 ‘N
1 Write each vector in Fig. 4.8 in coordinate form. -

e 4.9

Secp 1: Draw I
p 2: Draw Q
b 3: Join pod
PR = PC

s is known ;

w to add &
parallele
i 4.10 shows

Figure 4.8

2 A group of athletes run from point A to point B. Point B is 3 km to the east
of point A, and 5 km to the south.
a) Draw a vector on grid paper to show their displacement.
b) Explain how this vector is different from a diagram showing the distance
they covered.
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=I0PIC2  Addition and subtraction

Add vectors

Adding vectors using diagrams New word

The sum of two or more vectors is called the resultant of resultant {of vectors):

the vectors. We add vectors by using the triangle method ?eif”m of two or more
ors

or the parallelogram method.

How to add two vectors, a and b, using the triangle rule
The sum of two scparate vectors, a and b, is shown in Fig. 4.9.

Figura 4.9

Step 1: Draw PQ equal to a

Step 2: Draw QR equal to b, in a head-to-tail arrangement with ﬁj

Step 3: Join points P and R. PR is a vector forming the third side of APQR.
l’]«‘:-—ﬁj+aﬂ—a+b

This is known as the triangle rule for the addition of vectors.

‘The direction of PR is the same as the direction of PG followed by QR. That is, if you
‘moved from P to O and then from Qi to A, your overall change in position would be from
‘P to R. The plus symbol for addition, +, in vectors means “foliowed by™.

How to add two vectors, a and b, which start at the same point, using
the parallelogram rule

Fig. 4.10 shows a situation in which vectors a and b both start at the same point.

B km to the east

ing the distance

Figure 4.10
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Step 1: Draw iuqual and parallel to f’_f_i. ' ; :
Ps. This creates a parallelogram. ] pnsider the follow

Step 2: Draw QR equal and parallel to
Step 3: Join points P and R. PR is a vector R
PR=PQ+PS=a+h
This is known as the parallelogram rule for the addition of vectors.
P
The opposite sides of a parallelogram are parallel and equal vectors Figure 4.12a
.'.FQ:ﬁ:ﬂﬂIldE:Eﬁ:h In Fig. 4.12a
If we apply the triangle rule we get: PR - ]ﬁ_, TR+ 0Q
PR =PS + SR or PQ + QR =E1T’+ﬁ
=b+a = a+bh = QR
Adding vectors using coordinates 12 honEey
[_.onk aSr Fig. 4.11. -
0y = [2] He _ (2]
PQ = 3| and PS = 3
btracting
Tb subtract vectos
Bl (4)-13-2)
Figure 4.11 gl 16! 136
‘The zero Ve

l-?}l is followed by a movement of [%I

The movement of
Imagine travellil

Serenje and bach

5\, (2[5 +2)=[7]
50 |5/ 13] = lo+ 3! 13
- PR= 'i.?, have covered a l
i your displacems

The displaces

T - - N o cy_[at il
When adding vectors: l.h_l +lal= ||1_j +dl
the starting poll
Subtract vectors o when Uiy
a closed polygo
i . . a,
Subtracting vectors using diagrams
If a and b are two veclors, we define the subtraction of vectors byy:
a-b=a+{-b) B
To subtract a vector, wWe add its negative.
In diagrams, we can then add the vector by placing it head-to-tail as in usual
vector addition.
Figure 4.15
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Wonsider the following results:

R

e o]

hgure 4.12a Figure 4.12b

1111"1;.r 4.12a In Fig. 4.12b

PR - PO = PR + (1]’ (Add negative of PQ) AB=0B-0A
= Q_P' +PR (Nose-to- tail) =0B + AD
= QR

Fig. 4.13 shows the vector diagram of a — b using the triangle method.

Figure 4.13

Subtracting vectors using coordinates

1o subtract vectors we simp]}' subtract the coordinates.
!3] _ 4] J
16l LS 6

The zero vector

Imaygine travelling from Mansa to Mpika to
Serenje and back to Mansa. You would
have covered a large distance, but actually
wour displacement is zero!

The displacement of an object from
the starting point to a final point is
zero when the added vectors form
a closed polygon, as shown in Fig. 4.14.

A
Figure 4.14

AB+ BC+CA=0

We denote a zero vector by 0 = [f';| or by 0.

Subtracting a vector from itself is the same as adding the
additive inverse or negative of the vector.

AB +BA = ﬁ _AB=0

(3] . (-3) _[0]
f4)* —4]".{}I

il as in usual

Example:
Figure 415
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Worked example 2

1 Complete the following. P E

a) SP+PQ= :
T s s Q

b) OR+ =05 .

) Q8+5Q=_

Figura 4.16
A

2 Simplify.
CA-CB

Figure 4.20
3 ¢) (i) a-b=4
Figure 4.17 e
Use (i} a diagram and (ii) *I
coordinates to calculate the ‘-_:
following. - b ' B
a) a+b i . I
b) b-a ?
¢} a—b -
d) a+(-a) Figure 4.18 A
Answers =
1 Usin_gb thﬂmadfo-tall method: TMBEY. =
a) SP+PO= ‘;Q d) () a+Cal

©) Q5+SQ=0
2 CA-CB | Activity 2
= L"&" +BC You will need grid p
—-BC +CA 1 Look at vectors
BA a) Draw AXYZ
=BA S T \
3a) (a+b {ii]i:4i+|‘% =153 v and YZ reg

b) Name the di
represents w
c) Show this ag

a+h

Figure 4.19
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Norked example 2 (continued)
b) (i) b-a=h+(-a)

Figure 4.20 Lo 3 5
f D a-bea ) a1) a'hzl.—a;l"[s.:[-ﬂ

Figure 4.21 =51 (o

< : = e o [=5] _(-51_(0}

d) (Ja+(-a)=a : a=0 (ii) "4l [_4] tol
The answer is the zero vector.

You will need grid paper for this activity.
1 Look at vectors u and v in Fig. 4.22.
a) Draw AXYZ in which XY represents
v and YZ represents u.

I
|
: [
b) Name the directed line segment that i :
1 1
represents v + 1. | '/ |
c) Show this addition using coordinates. Figure 4.22
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Activity 2 (continued)

2 a) Add vectorsa and b in Fig. 4.23 using the head-to-tail method.

b} Use coordinates to check whethera+b=b+a.

TR
| [ T T (1]

F igure 4.23

3a)n Fig. 4.24, name directed line segments equal to:
(1) AE + EC (ii) DB + BE

(iii) AD + DB + BC (iv) CB + BE + EA + AD
b) Lu;idnd complete:

(i) AE + = AB (i) AD < +EC=AC

D A

L5

Figure 4.24

4 With the vectors in Fig. 4.25,
use the parallelogram method
to find:

a) p+q
b}y p+g+r
c) r—q
d p-q
€ p-r-q

Figure 4.25

Topic 4 Vectors in two dimensions
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mponer

vector can be
tion and on
wectors.
The vector and
£ 4 25h,

4.26a

magnitu
magnitude of 2
ed line segme
m-negative real
We show the len
is called the m
The length can B
Pythagoras.
I£PQ = 3], then|

In general, if PO



hod,

€3 Translations

ponents of vectors and the magnitude

wector can be broken into two vector components, one in the horizontal

ion and one in the vertical y-direction. This follows from the addition rule

0TS,
vector and its components forms a right-angled triangle as shown in

4.26b.

| = il |
ALl | |
NN T 7 R
| | | |
v I =
LA 0 7 O B v.i |
- al & | b [
5 = |
[ M |
ﬂ — t 1 : B N—
I | | '
_.\'-_ ________ L = 3 . - e il
4.26a Figure 4.26b
magnitude of a vector
magnitude of a vector PQ is the length of the
ted line segment PO. Length is always
non-negative real number. :
We show the length of the vector by !.I’Ql_
is is called the modulus of vector PQ.
The length can be derived from the Theorem
Pythagoras. N &
If PQ = I_iu then |PQ| = ¥37+ 42 = V25 = 5 units Figure 4.27

In general, if PQ = | then \PQ| = yx* + )7 (By Pythagoras)
a

P
x

Figure 4.28
Sub-topic 3 Translations
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Worked example 3

1 In Fig. 4.29, m Q_.R RS and ST are vectors. ¥y
a) Write each vector using vector Q(2, 4)

a Pl-2,3
coordinates. : .,-—l"“

b) Express Qf’ in coordinate form.

¢) Find |@|. £ R(5, 0}

d) Express the following as single - ¥
vectors in ¢ coordinate form. /
(i) RS + ST T(0.-2) et
(ii) RS - ST i

) Calculate the magnitude of RS — ST. Figure 4.29

Answers
1 a) PO = [4] OR = 4'| RS = IZ]ande 1_6,1]'

) --{4]-[]
c) QR = [ 3 | |Q—R| =32 + (—4)* = V25 = 5 units

d @ B+5T=[7]+ (=3

@) B -ST =[]~ [] =[5} + [o] =[]

¢} We need to calculate |F'5 - ST| where RS — ST = [_32]
RS — ST = {37 + (-2)7 = V13 units

1 Calculate the um;.,mtut_it of all the vectors in Fig. 4. ’-m
i P | | | | | T Im I T | .| ..1. ______é_|

: .i.._.. i 3"--':"" e :,._______:)_(_. _ __/:/k/- | |

|
| I |
} \ | Il .—\ £ | 5 | .

—

| | 1 | lN’ | |
Flgum-'lﬂﬂ
2 Given that AB = [m find:
a) BA " b) AB
3 Calculate the magnitude of each vector.
a1 -6 [2] 13 -3
D {10l b 2] q (] a) 3]
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| Activity 3 (co

L 4 In Fig. 4.31,
a) Write AB 4
b) Find the Ik
¢} Find thed

e

:'.‘é-.
SN
-

Figure 4.31

actors and

B Often use vectors
Be Cartesian plane.
B vectors, Any twe
igth and parallel
sntical. They do me
Ntial and terminal
The vectors in Fig
4 & We can have

: segmt'ntx represe
or | % |. Only the

ion are given, o
point at which th

vector: a vector 8
fesian plane.




In Fig. 4.31, use vectors to answer the following.

ol a) Write AB + BC in coordinate form
b) Find the length of AC.
¢} Find the distance from C to E.
Ri5. 0) .
i I
Sid, -2

Figure 4.31

ctors and translations

often use vectors to show translation on
Cartesian plane. We call these vectors
vectors. Any two vectors of the same

gth and parallel to each other are considered

gentical. They do not need to have the same
tial and terminal points.

L is | The vectors in Fig, 4.32 all show a translation
- l 4! We can have an infinite set of parallel

—4
segments representing the same free

ir il wector :h!. Only the magnitude and

! Birection are given, not the starting point or
ZilE $he point at which the vector acts. Figure 4.32
| H

.

New word
ree vector: a vector that is used to show a change in position of a point or object on the
ian plane,
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Position vectors

Each free vector has one corresponding position vector, which is the image of the
origin as a result of the same translation. In Fig. 4.33, AB translates A onto B and
the free vector |'6|,

Unlike a free vector, a position vector always begins at the origin O. A positior
vector describes the position of a point relative to the origin. The vector p starts ;
O and its endpoint is at P. This displacement gives the positirnm of P relative to th
origin, so p is called the position vector of P. The vector p= iEI and the
coordinates of P are (6, 4). '

In general, the coordinates of a point P(x, y) are the components of its positior
vector OP = p = [¥).

1 334

P SN S LN MO SR S M R

Figure 4.33

Displacement between two vectors

We can use position vectors to find the displacement between two points.
The vector AB represents the displacement between A and B. Note that
displacement is always shown by another vector, not by a length.
We can obtain vector AB in Fig. 4.34 as follows:
Draw position vectors for points A and B.
AB=AO + OB or  OA+AB=0R
=—0A + OB AB = OB - OA

il “bil-b)

=bJ-bl A=)

L

Alx, vi)

+

AB

g =t ||

Va1
Hence if a and b are the position vectors of o
points A and B, then AB=b -a, Fegure 1.4

0

The displacement between two vectors will always be another vector, because
displacement has both magnitude and direction.

35 Topic 4 Vectors in two dimensions

work out the m

Bs result is true fi

'

the following

2 Write down l:i

‘Wectors p, q am

|
I

BSWers
Position vectos
L

The coordi



ork out the magnitude of the position vector as follows:
JLB -.,lu{x —x} + (¥, = B

IS the image of the gesult is true for any two points with mordumtu Afx,, v) and B(x,, y,).
ates A onto B and -
orked example 4
origin O. A position Jraw the position vector for each of

€ Vector p starts 2 the following vectors on a Cartesian plane.

of P relative to the
rand the

=nts of its position

P Write down the coordinates of position
vecm:s P, g and r for AB, EF and CD.

£rs

0 points, at e
p Position vectors drawn from the origin.

Note that

2 The coordinates of the position vectors

are the Cuﬂrd_'.nat{_s of the vectors. Figure 4.37

o i B
AB = p-| |H~ 5]

o1, because O e [—3|
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Activity 4 (

1 On grid paper draw pumlmn vectors for t'd{_?'l vector. If Lusak

paper tg
MNow d
Draw as
Use the
Mumbmw
kilomets

Figure 4.38

2 Pis the point (3, 4). PQ _&] Find the position vector of Q.
3 a) Find the position vedar p for a vector that has the starting point at
(3, 7) and its terminal point at P(—4, 2).
b) Find the length of p.
4 Fig. 4.39 shows a map of a part of Zambia. The distance by road from Lusaka
to Mongu is 606.7 km. The distance of the straight line from Lusaka to
Mongu is 552.96 km.

[ ]
Chibombog = fabwe

+ Chongwc

| ltezhi  / . LUSAKA

ﬁ Tﬂz% ¢ Mazabuka @ Kafue
—Nérrjvlra_ra

tﬁ;ngu

A
#S5enanga

\

Livingstone

Figure 4.39

Trace this map onto grid paper, with all the towns in the correct positions.
Make your drawing as accurate as possible.
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“ctivity 4 (continued)

a) If Lusaka was at the origin, draw a position vector on a separate piece of
paper to show the displacement of Kalomo, using the same scale.

b) Now draw a position vector for Mumbwa,

€} Draw a vector to show the displacement from Kalomo to Mumbwa.

d) Use the modulus to calculate the direct distance between Kalomo and

Mumbwa. The scale of the drawing is 1 cm : 30 km. Write the

Kilometres.

distance in

0.

Bng point at

¥ road from Lusaka
b Lusaka 1o

® Kabwe

- Cﬁongmfe
LUSAKA

Kafue
»Gw

LA

embe

positions.
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SUB-TOPIC4 ' Scalar multiplication

When vector a is multiplied by a scalar k, where k represents any number, the

result is ka.
The expression ka represents a vector with a magnitude k times that of
vector a. The direction remains the same as in the original vector a.

.-1“51?? 4

] |
S |

1

Figure 4.40
In Fig. 4.40, I’(i: 2a=2%| - [il PQ has the same direction as a, but has twice

its magnitude. RS = -a = —|j| = E.:%i

Vectors a and —a have the same magnitude, but are opposite in direction. The
negative sign reverses the direction of the vector.

Worked example 5

1 Given u—|2] andv-f 11:
a) Express each of the following as a single vector in coordinate form.
(i) 3u (ii) -2Zv (fif) u+v  (iv) Zu + 2v (v) —2un - 2v

b) Draw directed line segments on grid paper to represent each vector in a).
Answer
1a) () 3u=37|=[f i) 2v=-21]=(2

(iii) u+vri'f]+[—11]={1' (iv) 2u+2v= 2[2]+2r‘1‘—[4]

1]‘[-4]

(V) —2u-2v= -z[

b}[.li
e

L

F'rgune— 4.41
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1 Express ead
a) 7p
e) q-r
i} p-4g+
2 Calculate th
NECessary.
a) |p|
€) |r+p|
3 Is|p+ri=jf
4 Given that {
a) |OA]
5 a) Find the
5] -m=
b) Hence fis
6 Copy Fig. 4.4

a) Express O
b) Given tha
c) Given tha
d) Find:

(i) the cot
e} What kin

7 Given thata:

a) Express 23
b) Given thal




—

any number, the

X times that of
Or a.

2% a, but has twice

ite in direction. The

inate form.
v) —2u-2vy
vector in a),

1 )=[3]

T

tiﬂns 1 tu 3 refer to the following vectors:

£} o= [)anar=[2)

1 Express each of the following as a single vector in coordinate notation:
a) 7p b) -5q ) %r d) p+q
€) q—r  r-q g Zq-p h) r+3q

i) p—-4q+3r i} Z2p+q-3r
2 Calculate the following. Leave your answer in square root form where
necessary.
a) |p| b) |qf €} |rf d) |p+|
€) |r+p| f) 13p] 8 [r-pl
3 Is|p+r1=|p|+|r?
4 Given that OA = [g], BC =[*} and BC = kOA, find the values of:

19)
a) |0A b) k c) x
5 a) Find the vector m such that:
3 _I11
[9] il 14]'

b) Hence find |m|.
6 Copy Fig. 4.42 into your exercise book.

¥4
| | A ' I
1 & |
. =l i
| e ]
o 3 :. :_- i -
l\ § |
B 1Y
Figure 4.42

a) Express OA and a‘ii in coordinate form.
b) Given that OP = 20A, mark and clearly label P on the diagram.
c) Given that RQ %Uf‘l. mark and clearly label Q on the diagram.
d) Find:
(i) the coordinate form of AQ (ii) |E_'Q|
e¢) What kind of polygon is figure OPOB? Explain.
7 Given thata= i_l_i] and b = [’;]:
a) Express Z2a—b as a single vector.
b) Given that a is parallel to b, find the value of m.
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SUB-TOPICS  Collinearity

Norked exa
VET'S
1 PQ=PO +C
=—0PF +:
__=Pp+q
PQ=q-p

Determine whether points are collinear

If the points I}, ) and R are collinear, then
[‘(_1 .kQR The vectors PQ and QR have the
same gradient, and they also share a point at Q.

New word

collinear: lying on the same
straight line

e ——
PR = 3PQ
R

Figure 4.43

PQ:QR=1:2
PR is 3 times as long as PQ, and has the
same direction,

Worked example 6

1 OP= P U_Q q and point M
lies on I’U_such that PM : MQ AACES
Express OM in terms of p and q.

2 OA= a, OB =bh.
OP = 30A and OQ 208,
Ris a point on PQ produced
where PO = QL.
a) Express the following in terms
of a and/or b:
(i) PO
(iii) AB

(i) PQ
(iv) AR

b) Write down two facts about the points A, B and R from your answers to

Cuestion 2a (iii) and (iv).

92 Topic 4 Vectors in two dimensions

BA : AC=1:-2
Figure 4.44

BA:AC=1:-2

AC is twice as long as BA, but is in
the opposite direction.

OM = OP +1
—p+ 3
=p+§g_
:p-i-%q

OM=3p+2

a) (i) PO =—

=-30;
(ii) PQ=F

nn

—

&
5
==
]

]

1
o DL e | B ] 0 e

8]

Figure 4.45

Figure 4.46

(ii) AR = 4
the sam

Activity 6

1 Express each’
a) AC
<) CD




Norked example 6 (continued)

SWErS
ﬁ = PO o L}_{'}_ {using AOPQ)
. =-0P+0Q
. = P+4
PQ=q-p
OM = OP + PM (using AOPM)
=p+2PQ
=p+3q-p)
z 2
=p+54-5P
OM = 3p + 2

2 a) (i) PO=-OP
=-30A =-3a
(ii) PQ = PO + OQ
=70 + 208
g as BA, but is in __ ==3a+2b
: (iii) AB = OB - OA
=h-a
(iv) AR =AP + PR
=%ﬁ; e Eﬁ
=2a-6a+4b
=4b - 4a
b) AB=b-a
AR = 4(b-a)
(i) A, B and R are collinear.
(i} AR = 4@, and so the multiples of a and b in the two vectors are in
the same ratio.

I Express each vector in terms of a and/or b.
a) AC b) CA
©) CD d) DA

.
-

2b

A
Figure 4.47

UL answers to
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Activity 6 (continued)

2 OP=pand OQ = q. If M is the midpoint of
PQ, express OM in terms of p and/or q.

Figure 4.48

3 Fig. 4.49 OACB is a parallelogram, OA =a,
OB =b and AC = SAD.
Express the following in terms of a and/or b.
a) BC
b) CA
c) DA
d) OD o
€) BD Figure 4.49

S
-

b

In Fig. 4.50, A and T are the mid-points of o]
OF and PQ Given that BQ 208, express

the following vectors in terms of a and b. b
a) AB B
b) DQ

c) AP

d) PQ

e) BP
N QA
g) OT

Q -"'
values of
Figure 4.50 ) Find thesl
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I0PIC6 Vector geometry

can use what we have learnt about vectors to solve geometrical problems.

Norked example 7
1 m=a,ﬁeb,ﬁ—-%{)ﬁand
B PR =3 2
a) Express the following in terms of a
and/or b.
(i) AB (ii) OP
(iii) AN
Given that OX = hOP, express OX in
terms of a, b and k.
Given also that AX = kAN, EXPress OX
in terms of a, b and k.
Use your answers to Questions 1b 0
and 1c to find the values of h and k.

Figure 4.51

Express AB in terms of a and b.
Given that AP = hAB, show that
OP = hb + (1=Hha.
If OC = 3b and CD = 2a write down an
expression for OD in terms of a and b.
Given that OP = kOD, use YOUT answers
to Questions 2b and 2c to find the
values of h and k. '

e} Find the numerical value of the ratio

Answers
1 a) (i) AB=AO + OB (ii) OP = OA + AP (using
=-0A + OB AQAP)
=b-a = OA + 2AB
=4+ %{b —a)

Yo 3
—ﬁa+5b

A
pp Figure 4.52
PA

(iif) AN =AO + ON (using AOAN)
=-OA+ %«ﬁi
=-a+ -_,E-b

=y —
=3b-a
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Worked example 7 (continued)

b) OX = hOP o) 0(431,'
=Zha + b | - OD =

¢) AX = kAN
AX = H.ﬂ-h a)
0X meg J‘tC‘-l-'!u.X}
OX = 0A + AX
=a + kAN
=a+kizb-a)
=a ka+ lib
OX = (1-Ka + kb
OX = zha - }’Hb Solving §
. we r:an re-quate the scalars R
l"horﬂfm : +
—zs-h =1-k {scalars for a)
In=1k | Gcalarsforb) = 3;
Solve the simultaneous equations:
S5(Zh+k) = 5(1)
15Gh -1k = 15(0)
2h+5k=35

2 a) AB

b) AP =hAB
= filb —a)
=hb— ha
- OP = OA + M’ {using AOAP)
=a+hAB
=a + hib—a)
—a-—ha+hb
OF = (1 - h)a + hb

Topic 4 Vectors In two dimensions




- Worked example 7 (continued)
€) OC=3bandCD=2a
ﬁ} = [:"(_E b E
=3b+2a
d) OP = kOD
= k(3b + 2a)
=3kb + 2ka
Therefore:
OP = (1 - fla + hb
OP = Zka + 3kb
(1-h)=2k (scalars for a)
h=3k {scalars for b)
Solving simultaneously:
—h—=2k==1
+ h=3k=10
~Sk=-1
=1
But i = 3k

IIL3:<-:];-

h =—;

Numerical ratio for B2

AP = hb - ha =
U

but fi = %
PO 3
AP = B'b_?a
&, =—;‘.‘LP

- _{.gb ] %ﬂ]
PA=24_3n
.i"A =za ﬁElr
AP + PB = AB

PB = AB — AP
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98

2 OCD is a triangle, A is the midpoint

Activity 7 (co

1 In AOAB, P divides AB in the ratio 2 : 3,

@ OPROQ is a pas
positioned s

Suliny A
Find OF in terms of a and b.
a P
O = B
b

Figure 4.53

of OC and B is the midpoint of OD. 2
OA=a, OB=b.
Find the following in terms of a and b,
a) OC b) OD a y
€)X d) v %

o t‘.} B D

Figure 4.54
OA = 4a, AB = 2b-3a and OC = 3b. ob-3a B
C

Express the following in terms of a and b.

a) OB

b) CB 4a
Q

A
>
3b

a) Express the
(i) PR
b) OR and ﬁ
terms of p,
(i) QF
c) Given also
d) Find the va
£} Find the ra
6 In Fig. 4.58, O

Figure 4.55

QFr :'4(_1&. B is the mid-point A
of OF. OA and QB intersect at X.
a) Given that OP = a and (_'J('_i =b,

Express the following in terms of

d ﬂII{E. e o B

(i) P (ii) OA  (iii) OB

by If Q‘J_{ = I;@, EXIEsS OX in terms g

of a, b and {f. A
<) If OX = KOA, use the answer to

Question 4b to find the values

of i and k.
d) Hence express OX in terms of o 4 o

a and b only.

a) Express the
(i) AX
(ii) OX

b) Given that:
ratio (1“.

0.

) The vectorl
expressici |

d) Given that
equation o

e) Find the nuo

Figure 4.56
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Activity 7 (continued)

5 OPRQ is a parallelogram in which or = p and 0Q = q. The point E on OP is
positioned such that OE: EP=1: 2.

b)

<)
d)
e

a R

=
) E b
Figure 4.57

Express the following in terms of p and/or q.

{1} PR (ii) OF (iii) le

OR and QEF meet at FE Given that QI = kQF express the following in
terms of p, q and k:

{i) Qr {11] OF

Given also that OF = hOR, eXpress OF in terms of p. g and h.

Find the values of h and k.

Find the ratio of OF : OR

In Fig. 4.58, OA = a, OB = b and AX = XB

E

A
Figure 4.53

Express the following in terms of a and b.

(i) AX

(ii) OX

Given that 0C = —fa - jb write down the numerical value of the

ratio == X

The E:ELIGT BC is is produced to the point Y, such that BY = hBC. Write an
expressidn for BC and BY. Hence prove that 0Y = T (1= 4,51

Given that OY = kOA, write an equation involving a, b, I and k. Use this
equation to find the values of i and k.

Find the numerical value of the ratio "ﬁ_‘.

A
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Summary, revision and assessment

Summary

* A vector is a quantity that has both magnitude and direction.

* You can represent vectors by directed line segments, where the length of the
line segment represents the magnitude, and the arrow represents the direction

= You can also express vectors in coordinate form, e.g (ﬁ =b= El

* To add vectors, you can use the triangle and parallelogram rules.

b a+b b
A
—_— ~ =
a “a ~a

* To subtract vectors, add the negative of a vector.

* To multiply a vector by a scalar quantity, you multiply each component of the
vector by the scalar. This changes the magnitude but not the direction of the
vector.

* Adding a vector and its negative results in the zero vector 0, which has no
magnitude and no direction.

*= If you arrange directed line segments head to tail to form a closed polygon,
then the resultant is the zero vector 0.

* A free vector is a vector that represents the translation of a point to another
point and can be shown anywhere on the Cartesian plane. There can be an
infinite set of parallel line segments representing the same free vector.

= A position vector is a vector representing a translation by showing the
translation of the origin. The coordinates of the endpoint of the vector are the
same as the vector coordinates.

* The magnitude (modulus) of a vector AD = ";Lﬁ |,-".F.| =Va® + b,

= If the points A, B and C are collinear (lie on the same straight line), then

AB = kBC. The vectors share the point B.

Revision exercise

1 Givena= .5.| and b= _.2.“

. A o3 | v o
a) Express the following as vectors in coordinate form.

(i) a+b (ii) a—b (ifi) 2b-a
b) Find (i) |a] {ii} [a + b] (iii) |a —b|
2 a) Find the vector p such that [_23 I +p= |_’1]
b) Find [p|

1 00 Topic 4 Summary, revision and assessment

In AOPQ, PM £
00 =q, imd O

HIK is a trapel
If l_j —aand IH
interms of a &
a) JH
o K

iS5 OPQRST is a re

OP = a and OR
vectors in e
as possible.

a) RS

©) 0Q

6 Given thatp=

a) Find:
(i) 2q+9
b) Given that
tO vector E,

7 OPQR is a pan

and OR=a + &

a) Express the
and/or b, 3
(i) QR

b) § is a poind
Explain wi




e length of the

sents the direction.

x|

semponent of the
direction of the

ich has no
ed polygon,
int to another
e can be an
wector.

ing the
& vector are the

ine), then

ry, revision and assessment (continued)

In AOPQ, PM : MO =3: 1. 1f OP = p and
0Q = q, find OM in terms as p and q.

HIJK is a trapezium in which HK = 2IJ.

If I] = a and IH = b, express the following
in terms of a and b:

a) _I—H 53] K

c) K]

OPQRST is a regular hexagon. Given that
OP =aand OR = b, express the following
vectors in terms of a and/or b, as simply
as possible.

a) RS b) PR

<) @

Given that p = |"3], q= [‘2] andr=|/L].

. | 6| 5 |15
a) Find:

(i) 2q+q (i) g-p (iii) |pf
b) Given that vector p is parallel

to vector r, calculate the value of n.

OPQR is a parallelogram, OP=4a-h

and OR = a + 5b.

a) Express the following in terms of a
and/or b, as simply as possible.
(i) OR (ii) PR

b) S is a point such that OS = -p +2q.
Explain why PR is parallel to OS.

P
pN
0 = 8]
q
| 2 J
7/+\
H K
P Q
a
Dx; o
T 5
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Summary, revision and assessment (continued)

Assessment exercise

L PARS is a parallelogram. The ‘midpoint of

QR:S M and N is a point on P'S such that
PN: NS=1:3.Given that PQ = - pp and
QH 2q, express the followi ing in terms
of p and/or q.

a) MS b) SN

c) NM

2 Uﬂ‘ﬁ. a and L‘,ID b.

3

102

a) Express DA i in term of a and b.

b) Gwen that DX = nDA, show that
OX = na + (1-mb.

¢) Given that OB = 3a and BC = 2b,
express OC in in terms of a and b.

d) Given that OX = mOC use vour results
from Questions 2b and 2c to find the
values of m and n.

) Find the numerical value of the ratio A%
__ XD

In AOPQ, R is a point on PQ such h that PR : RQ=2:
Q0 is pmduced to S such that UQ QS 352
Given that OP = p and OQ = q.

a) Express the following vectors in

terms of p and q:

(i) PQ (ii) PR

(iii) OR {.v) 0s
b) Show that RS = q- —1:-
c) Given that T is a point on OT such

that OT = 3 op, express the vector TS O

as simply as possible in terms
of p and q.
d) (i) Show that TS = kRé where k i is a constant.

(ii) Write down two facts about TS and RS.

Calculate the ratip 2rea of APTR
€) cul s area of AQTR

Topic 4 Summary, revision and assessment
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[Emlargement

Combined trans
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in each of

\A
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to the
from F
b) Expres
¢) Find
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Geometric
transformations

Find area scale factors of a stretch | » Find area scale factors of a stretch by the

by the determinant method. | determinant method.

Starter activity

in each of the following:
a) 7as
4 .

i X Z
i - e
b N -
e / \ i

Es

S i

Figure 5.1 %

2 Fig. 5.2 shows a pathway from P to Q.
a) How many steps downwards and then
to the left should Malama take to walk
from P to Q7
b) Express PQ as a column vector. e rmiate ove

b)

&

\.

O=-10p alale L) GO
Introduction to transformation = Intreduction to transformation.
Hranslation = Use a column ;ecgr tr;m 1;anslate an ohject.

Heflection + Raflect ubie_c:’r by djffer;r;t_mét]ﬂ;ds. I —|
Etatinn | = Rotate ubj;ect by diﬁerent_methads. ]
Enlargement L Enlarge object b;f different methndsj o
3 Stretch | - Stn-a‘[ch object by L;iHEF{;‘ﬂt methods. _‘
Shear ’TShear ohjects by different r'rmtht.:u:.is.. |
Combined transformations | * Solve problems :nvolvi;ug u::u::rnbin_ed:ar;mrmatinn. 1

1 The broken line is the mirror line. Copy and draw the position of the image

¢) Find the column vector that can take Cpitay e
Malama from Q back to P. Figure 5.2

Topic 5 Geometric transformations
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SUB-TOPIC1 Introduction to transformation

A transformation is a geometrical operation which changes the position and/os
the shape of an object. The original shape is called the object and the transforme
shape is called the image.

Mathematically, we define a shape as the set of points that defines an object
transformational geometry these are usually described on the Cartesian plane.

Ensiation, |
stance in
giation is

gical to the ¢

In this topic we learn more about these forms of transformations:
= ‘Translation
= Reflection
= Rotation
= Enlargement
= Stretch
= Shear
* Combined transformations,

Only translations, reflections and rotations are examples of congruent (isometn
transformations.

New words
transformation: a change that maps a set of points defining an object onto a set of
points defining its image
congruentfisometric: a description of a transformation that keeps the original shape
and dimensions of the object.

1 Which of these shapes are congruent?
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ation

position and/or
i the transformed

=hmnes an object. In
artesian plane.

ent (1someltric)

"A translation is a transformation which moves (shifts) every point of the
‘object in a straight line into a new position.

Translation is usually denoted by the matrix T.

i a translation, no point stays where it is; every point on the object moves by a
Hixed distance in the same direction.

Translation is considered to be a direct isometry because the translated image is
gdentical to the object.

Translations represented by column vectors

The figure below shows AABC and its image AA'B'C after a translation.

Figure 5.4

The translation is 5 squares to theright and 3 squares upwards. The translation of
AABC onto AA'B'C' can be expressed as a column vector or vector in coordinate
T 5 :

(31

Remember that a vector in coordinate form gives the horizontal (x) change as
the top coordinate, and the vertical (y) change as the bottom coordinate.

form:

A column vector is also called a column matrix in the 2 = 1 format.
We can use a column vector to describe any translation, because there are only
two possible movements: in the horizontal direction and the vertical direction.

Worked example 1
31

1 What is the image of the point P(2, 4) under the translation T = l ]
2 AABC with vertices A(3, 4), B(4, 2) and C(6, 3) is translated by the same
column vector. The image of point B is B'(-2, 3). Find
a) the column vector for the translation matrix
b) the images of A and C.
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Worked example 1 (continued) Iransform:

Answers Sranslation is the
1 Column vecmr of P + translation matrix = image. sansformations a

( I [3 = Remember
The u:ﬂage Gf Pis PS5, 9).

2 a) Column vector of B + translation matrix = image
Let the translatfnﬂ matrix T be l'_‘;]

2+ (5= (3]

3 ﬁnd the image

214 -
b]_ 2}~ 1 tls ifA= [”a
b) A+T=A'
1 = (ux + Eﬂf
@+ 7= _
C+T=C Worked exa
[g] 3 il_ﬂ @ [g] Find the imagﬁ

The images of A and C are A'(-3, 5) and C'(0, 4)

Activity 2

1 Find the image of A(-1, 5) under the translation ﬁ'
il

2 Copy Fig. 5.5 and write down the vectors for each translation.

i b er 1
ol T |

-2 L
For all transformal
Ninvariant (fixed).
That is, !? b) [0}

! 4l ol
We can find the 2

{1, 0) and (0, 1).
Given the mutri_ll

Figure 5.5
a) AontoD b} B onto C ¢) DontoF
d) AontoB e) DontoE f} D onto C

3 G'H'is the image of line GH after a translation of |
H' are (4, —1), calculate the coordinates of H.

A transiation is a transformation that shifts every point of the object in a straight line into
the new position. To describe a translation fully, we give the column vector.

31
| 5) If the coordinates of

‘Hence the
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JTransformations represented by 2 x 2 matrices

‘Translation is the only transformation described by a column vector. All the other
fransformations are described by 2 x 2 matrices.
Remember

\ matrix is a rectangular array of numbers written in the form [“ g
Ve call this particular matrix a 2 x 2 matrix. s

o find the image A'(x, y) of a point A(x, ) under a transformation matrif
0= [ Eij ], we need to multiply A by Q.

C

=[x nﬂ b '=QlX|=[a
That is, if A |and Q = [ aa_|- then A’ = Q{y] e e!‘J[}]
ﬂ'—{ax+f}y,cx*d}}

Worked example 2

'Find the image of A(1, 2) and B(2, -3) under the transformation matrix Q= % 13 Jt
i =

.:m + byl
lex + dy |

Answer

AI=[2 I1'=[_‘E] = Alls (4, -5). _[2 B'is (1, 11).

Sl LISl
For all transformation matrices represented by 2 x 2 matrices, the origin O'(0, 0) is
invariant (fixed).

That is, |? :r; (9] |f;| Q' is (0, 0)

We can find thc 2 x 2 transformation matrix if we know the images of the points
(1, 0) and (0, 1).
Given the matnh

a b

“, then,

I” b l::
.C {fl V)

|¢- f;] [ﬂ] M Second column of the matrix.

First column of the matrix.

If the point (1, 0) is mapped onto (a, ¢} and (0, 1) is mapped onto (b, d), then the
transformation matrix is [‘; ;" J

. Worked example 3

C If a transformation maps (1, 0) onto (=3, 1), and ma ps (0, 1) onto (2, —1), what is
: the transformation matrix?
coordinates of

Answer

(1, 0) is mapped onto (=3, 1), so the first column becomes = ;

(0, 1) is mapped onto (2, 1), so the second column lmmmes [

Hence the transformation matrix is |7
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SUB-TOPIC3 Reflection

A reflection is a transformation in which any two corresponding points of
the object and the image are the same distance from, and at right angles to, a
straight line, called the mirror line.

Retlection is usually denoted by the matrix M.

Fig. 5.6 shows a tlag with vertices
QERSPT. The flag has been reflected
in the mirror line M whose equation
isy=2

The shape Q'R'SP'T" is the image of
QRSPT. We can find the image of Q' by
drawing a perpendicular line from Q to
the mirror line, and then extending the
line to the other side of the mirror line

by an equal length.

We can do the same for the other
points.

Figure 5.6

In a reflection the corresponding points of the object Q and its image (¥ are the same
distance from the mirror line. Therefore the line ¥ = x is a parpendicular bisector of Q0.

We write M(Q) = (0. This means the point Q is mapped onto (' under reflection M.
Points, such as T (in Fig. 5.6), which lie on the mirror line are invariant, which
means that this point does not move, and so M(T) =T

Worked example 4

1 IfP(1, 0) and (0, 1), find ' and Q' and hence the matrices of the
reflections in the following lines:
a) x-axis b) y=x C) y=-—x

2 a) Draw the quadrilateral PQRS at P(—4, 2), Q(-1, 2), Ri—1, 4) and 5(-2, 5).
b) Draw the linex=1.
c) Reflect the quadrilateral PQRS in x = 1.

3 Find the coordinates of the image of APQR with vertices P(1, 1), Q(1, 3) and
R(2, 1) under a reflection in the line y==x
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Worked example 4 (continued)

Answers

1 a) The image P is invariant as it lies on the
x-axis (mirror line of reflection).
The point (0, 1) is mapped onto
Q'=(0,=1). e
50 the matrix .: {1} _LH is a reflection in Fi1.0) EE0E
the x-axis.

it angles to, a

b) The point P’ is mapped onto Q(0, 1).
The point Q is mapped onto P(1, 0).
Hence the matrix ,!fl]' {]ﬂ is a reflection
in the line y = a. '

i P{I1.|:I:I 'J.'-F.IIIR-

Figure 5.8
The point P is mapped onto PY0, —1).
The point ( is mapped onto Q'(-1, 0).

_ ctor of QO Hence the matrix _‘i _(I]] is a reflection in the line y = —x.

bk

B reflection M.
ant, which

Figure 5.9
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Worked example 3 (continued)

2 e

Figure 5.10
The coordinates of the image are P'(6, 2), Q!(3, 2), R:{E, 4) and 8'(4, 5)
3 The matrix for reflection in the line y =-x is 1 _ﬂi:
o= ]_fl 1 Zl=[—1 -3 -1l
S G e ) S Vs AR (RS |
Thé coordinates are P'(-1, —1), Q'(-3, —1) and B{-1, -2).

1 Copy these diagrams and draw each image after reflection in the broken

line.

Figure 5.11
2 AABC has vertices A{-5, 6); B(-5, 1); C(-2, 1}.

Find the coordinates of the image of AABC if the triangle is reflected in the

y-axis.

110 Topic 5 Geometric transformations

3 Draw AP
reflection
a) y=1L
b)) y=x
c) y=-%
d) y=0.
a) Copy.
b) Find ¢

line fe

the fol
line in

i) Al

i) AZ
Iii) Al
iv) A5
Draw Al
and (6, 4)
a) Reflect
b) Reflect
c) Reflect
d) Reflect



Activity 3 (continued)

3 Draw APQR with vertices P(0, —4), Q(3, -2) and R(3, 0). Draw its image after
reflection in each of the following lines:

a) y=1.Label it Al. AR i

b) y=x. Label it AZ2. b4 5

c) y=-—x. Label it A3.

d} y=0. Label it A4.

a) Copy Fig. 512,

b} Find the equation of the mirror
line for the reflection of each of
the following. Draw the mirror
line in each case.

i) A1 = A2

if) A2 — A4
iii) A1 — A3 Figure 5.12
iv) A5 — A4

Draw Al with vertices (2, 4), (2, 6)

and (6, 4)

a) Reflect Al in the line y = x onto AZ2.

the broken b) Reflect A2 in the x-axis onto A3,

¢} Reflect A3 in the line y = —x onto A4.

d) Reflect A4 in the line x + y = 2 onto AS.

e} Write down the coordinates of A5.

A reflection is a transformation in which a geometric figure is reflected across a line,
creating a mirror image. To fully describe a reflection we give the equation of the
" mirror line.
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A rotation is a transformation in which an object is turned about a fixed point
called the centre of rotation.
Rotation is usually denoted by the matrix R.
To fully describe a rotation, you need to give the centre, angle and direction of
the rotation.

A clockwise direction means
that the rotation is negative;
an anticlockwise direction
means it’s positive,

Figure 5.13
Fig. 5.13 shows AI"Q'R' after a rotation of APOR.
How to find the centre of rotation

Step 1: Join a pair of corresponding points such as P and P

Step 2: Construct a perpendicular bisector of the line I

Step 3: Repeat for another pair of corresponding points such as R and R'.
The centre of rotation is at the point of intersection of the two perpendicular
bisectors. In Fig. 5.13 the centre of rotation is at C (=1, 1).

How to find the angle and direction of rotation

Step 1: Join a point on the object to the centre of rotation, e.g. RC.
Step 2: Join its image to the centre of rotation, e.g. R'C.
Step 3: Measure the angle formed between RC and R'C,

In Fig. 5.13, the angle of rotation is 907 anticlockwise.

1 1 2 Topic 5 Geometrc transformations

Find the
2 AABC hasw
E a duckwise_‘
3 APQR hasw
an anticl

The point
Hence the
of 907 anti

'b) The point P

The point
Hence the
of 180° a

Figure 515

€) The point F.ﬁ!

The point O §
Hence the :
of 270°

This is

20° cloc



Worked example 5

I Find the matrices for rotation about the origin O(0, 0) for the following:
: a) 90° anticlockwise by 180" c) 2707 anticlockwise
a fixed point Find the images of P(1, 0) and Q(0, 1) in each case.
2 AABC has vertices A(3, 2), B(5, 2) and C(5, 4). Find the image of AABC under
a clockwise rotation of 90° about O.
3 APQR has vertices P(4, 2), Q(7, 2) and R(7, 0). Draw the image APOR under
direction of an anticlockwise rotation of 90° with centre (1, 1).

Answers

a) The point P is mapped onto Q{0, 1k,
The point Q) is mapped onto (Q'(-1, 0).

Hence the matrix [? a]] is a rmali:}n?
of 90° anticlockwise about the origin.

The point P is mapped onto (-1, 0). SR,
The point Q is mapped onto Q'(0, -1}, Q=1 0

o

0l is a rotation

=
Hence the matrix is { 1 e

of 180° about the uri'gin_

¥
4

Figure 5.14

B

P{1,0) %

-&':l!' 0, =1

Figure 515

¢) The point P is mapped onto PO, 1)
The point Q is mapped onto P(1, 0).
Hence the matrix [_{'; é] is a rotation
of 270° anticlockwise about the origin.
This is equivalent to a rotation of
90° clockwise.

Figure 516
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2 Matrix for 920° clockwise rotation
o 11
ol

-1

Multiply the three column vectors

for A, Band C asa 2 x 3 matrix.

A B C A TSSO
[0 15|3 5 5'| = L
-1 0/i2 2 4/ -3 -5 -5

The centre of rotation is not the
origin. The matrix of this rotation
cannot be found.

Join I to the centre C (1, 1). Then
measure 207 anticlockwise and wit
the same distance as CP, measure
CP' and mark P

Do the same for Q and R as shown
in Fig. 5.18.

AP'Q'R' has vertices P'(0, 4), QY0, 7
and R'(Z, 7)

Worked example 5 (continued)

Figure 5.17

=

)

Figure 5.18

b) Find the image of APQR under

1 a) Draw APQR with P(1, 3), Qi3, 6) and R (6, 2)

the following rotations:

i) 90° anticlockwise, centre (0, 0), label the image P.Q, R,

ii) 90° clockwise, centre (-2, 2

); label the image P, R,

iiiy 180°, centre (1, 1}, label the image PP, R

333

2 a) Draw AABC with vertices A(4, 3), B(7, 3) and C(7, 1). Rotate AABC
through 20° clockwise about {0, (), mark A'B'C.

b) Draw AEFG with vertices E(-6,

114
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through 90° anticlockwise about (0, 0) mark EFG'.

7), F(-6, 5) and G(-3, 5), rotate AEFG

Activity 4 (.
3 AABC with
vertices Fi-
a) Draw a
b) Find th
¢) Find th
4 a) Draw a
b) A transl
B'i-3, 4

smmary
otation is a tr




B motate AEFG

s ctivity 4 (continued)

B AABC with vertices A(b, 12), B(8, 4) and C(2, 2) is mapped onto AFGH with

vertices F(-12, 6), G(—%, 8) and H(=2, 2) by a rotation.
a) Draw and label AABC and AFGH.

b) Find the centre of rotation by construction.
c) Find the angle of rotation and its direction.

-

‘4 a) Draw and label AABC whose vertices are A(0, 1), B(2, 1) and C(3; 3)-

by A transformation maps AABC onto AA'B'C with vertices A3, 2),
B3, 4) and CH{=3, 3). Describe this transformation fully.

where an ohject is turned about a fixed point. To fully
and the angle and direction of the

ion is a transformation
be a rotation we give the centra of rotation

Sub-topic 4 Rotation
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SUB-TOPIC 5 Enla rgement inding the

i Fig. 5.20 we 3
mage G' and w
Hlargement and

An enlargement is a transformation by which an object changes in size by
either being magnified (made larger) or diminished (made smaller). L

Enlargement is usually denoted by the matrix E. vin the corresps
id its image, su
tersection of &
nlargement.

Norked exa

the ma
ntre O(0, 0)

e -

he point P(1, &
Figure 5.19 ie point Q(0,

ence the
In Fig. 5.19, square G has been transformed into G’ by an enlargement.

* Gand G' are not isometric (congruent). They are similar to each other and
the corresponding sides are in the same ratio.
= P is the centre of enlargement. The centre of enlargement is invariant (fixed).
* The quantity by which an object is enlarged is called a scale factor. The ratio he matrix lk i
of the lengths of any pair of corresponding sides gives the scale factor. MO, 0) o
Scale factor = él;gt 'I‘zf;ggt—t';
Yorked exar

If k is the scale factor of a transformation E, then:
* PA'=kPA
If k = 1, the image is the same as the object.
= Ifk >1, the image is larger than the object.
= If k is negative, the image is turned around. A negative scale indicates that the
image is on the other side of the centre of enlargement from the object.
The area of an image P'Q'R' = k* x (area of object PQR),
Example: If k = ;, then the area of PQ'R' = i {arca of PQR).

a) the coorc

b) the scale
2 APQR has ve
- under an enla
) enla_:g H..'-.l
b AABC with we
of -3 with
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Bn Fig. 5.20 we are given an object G and its R
Smage G' and we need to find the centre of
enlargement and scale factor.

Bes il size by

HJoin the corresponding vertices, that is, a paint
nd its image, such as PP, QQ etc. The point of
Intersection of these lines C is the centre of
enlargement.

Figure 5.20

Worked example 6
"‘ nd the matrix for enlargement with
centre O(0, 0) and scale factor k.
i}_ﬂnsww
The point P(1, 0) is mapped onto P' (k, 0)
The point Q(0, 1) is mapped onto Q' (0, k).

‘Hence the matrix is |g E \

v

Figure 5.21

gach other and

jinvariant (fixed).

factor. The ratio The matrix lg EJ represents an enlargement E with scale factor k and centre
S (0, 0)

Worked example 7

1 AABC with vertices A(—4, 3), B(-2, 3) and C (-4, 4) is mapped on to AA'B'C
with vertices A'(5: 0), B'(1, 0) and C'(5, —2) by an enlargement matrix E. By
drawing the triangles on the graph, find
a) the coordinates of the centre of enlargement

) b) the scale factor of E.
adicates that the APQR has vertices P(3, 0); Q(3, 2) and R(2, 2). Draw the image of APQR
under an enlargement scale factor of 2 with O(0, 0) as the centre of
enlargement.
AABC with vertices A(1, 1), B(2, 1) and C(1, 3) is enlarged by a scale factor
of -3 with the origin as centre. Find the coordinates of AAB'C.
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Worked example 7 (continued)

Answers

1 a) The lines AA' and BB' intersect
at P, the centre of enlargement. ¢

Al

P has coordinates (-1, 2). EI.
3

M

b) Scale factor = A AT

e w2 P
= —AIC' H‘-":.'?' 2
AC e S
=] Ui e e
== 5
=7 T =TT =
AR -4 -1
OLAE =
=2 -2

Figure 5.22

2 Draw the lines OP, OQand OR. ~ ¥4
OP'=20P = 2 x 3 units = 6 units. : :
Mark P' 4 i —
0Q' = 20Q. Mark Q.
OR' = Z0R. Mark R'. ” R &’
or X
Since the centre is O, we e
can use the matrix for e - - >

enlargement [S E :

v

Scale factor=2s0 E = l% g Figure 5.23

| @ Sl - sl

[2 {)] [3 3 2'!=[ﬁ 6 4

W 20N 2 27D 4 3

The coordinates are P'(6, (), Q'(6, 4) and R'(4, 4)
3 Since the centre of enlargement is 0, we can use the matrix.

AH A BEve!

Scale factor =-3, so E = “[% PSJH % %i: :% :g :‘5]

The coordinates are A'(-3, —3), B'(-6, -3) and C'(-3, -9).

Activity 5
1 Fig. 5.24 sh

of triangle 1
each case, i
of enlargem
factor of the
enlargemen
a) T, onto’

Copy Figs. 5
of the enlarg

Figure 5.25

3 APQOR has ves

factor of -2 m

scale and dra
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Activity 5

1 Fig. 5.24 shows some enlargements
of triangle T and rectangle R. In
each case, the origin is the centre
of enlargement. State the scale
factor of the following
enlargemernts:

a) T, ontoT,
b) T,ontoT,
c) T, ontoT,
d) R ontoR,

o
-2

-

=5 !
v
Figure 5.24
Copy Figs. 5.25a to Fig. 5.25d and draw enlargements using O as the centre
of the enlargement and the scale factor given in each case.

FE Bl TV} JEI
~|-Scalefastor2. | Scate factor -3

e

“Scale factor 3

i3 Caan =2

! Sca!ﬂ-a‘aﬁmi’ ¥

Figure 5.25

3 APOR has vertices P(4, -1), Q(5, —-2) and R(4, —4). APQR is enlarged by a scale
factor of -2 with (3, —2) as the centre of enlargement. Choose a suitable
scale and draw APOR with its image AP'Q'R.
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v
Activity 5 (continued) ’_I'ﬂFI_ ' '
4 AABC has vertices A(=3, 1), B(-3, 4) and C(-1, 4). It is enlarged to AA'B'C
with vertices A'(-1, 3), B'(~1, -3) and C(-5, =3).

a) Choose a suitable scale and draw AABC and its image. A stretch is
b) Find the centre of enlargement. fixed while

€) State the scale factor of the enlargement. o their pery

3 APOR with vertices P(3, 1), Q(6, 1) and R(6, —1) is enlarged by scale Stretch is -

factor —-;- with the origin as the centre of en Iurgmne{ﬂ. Find the coordinates . -

of its enlargement AP'Q'R'. | Fig. 5.27 a

6 Use the following matrices to enlarge AABC in Fig. 5.26. : ﬂf‘:m'B'C.h!
e e OC is the j

3 %) D5 2 il

object, exce
perpendicul
The unit sq
direction of

;s Stretch facte

=04 _ CB _
O8 ~ CB

O describe a si
Identify the |
Figure 5.26 State the din
Give the scal

An enlargement is a transformation in which an object changes it size by being made Norked ex

larger or smaller. To fully describe an enlargement we need to give the centre of ind the strehi
enlargement and a scale factor. 1apped onto

ind the imagl__:
he point A{l.;
B P(1, 0) a]sui
I} is invariani
_'r ce the

B W
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ged to AA'B'C

ind the coordinates

“A stretch is a transformation in which all points along a given line remain
fixed while other points are shifted pamﬂc-l to the line by a distance proportional

'to their perpendicular distance from the line.

Stretch is usually denoted by the matrix 5.

in Fig. 5.27 a unit square OABC has been transformed

nto OA'B'C by a stretch. Note the following:

* OC is the invariant line. All the other points on the
object, except those on OC, have moved in a direction
perpendicular to the invariant line.

* The unit square OABC has been stretched in the
direction of the p-axis. AB is mapped onto A'B'.

distance of image from invariant line

distance of object from invariant line

= Stretch factor =
= OB -4
EoN 51
To describe a stretch in full you need to do the following:
* Identify the invariant line.
= State the direction of the stretch.
® Give the scale factor for the stretch.

Worked example 8

Figure 5.27

Find the stretch matrix § such that the y-axis is invariant and the point A(1, 2) is

mapped onto A'(3, 2.
Find the images of P(1, 0) and Q (0, 1) under 5.

Answer

The point A(1, 2) moves 2 units to A'(3, 2).
S0 P(1, 0) also moves 2 units to P'(3, 0).
0Q is invariant, Q) remains at (0, 1).

Hence the matrix § = lg ?]

4 i1

]

P{1, o)

i
*

v
Figure 5.2

c

8
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The matrix [5 ?i represents a one-way stretch S with the y-axis invariant and
a scale factor k.

I 1
The matrix |'é E represents a one-way stretch S with the x-axis invariant and
§ 1

scale factor k.

Two one-way stretches may be combined to give a two-way stretch.

An example of a two-way stretch is .ré 2] Here the stretch has a factor of 3 in

the x-direction and 4 in the yndirectionl

The matrix g E represents a two-way stretch S of factor h in the x-direction

and k in the y-direction.

Worked example 9

1 Fig. 5.29a, Fig. 5.29b and Fig. 5.29¢ each shows a square and its image under
a stretch. Describe each stretch fully, giving the stretch factor, its direction
and the equation of the invariant line.

Figure 5.29

2 Tis a triangle with vertices A(2, 2), B(4, 2) and C(2, 6). AT is given a one-way
stretch $ of factor 2 in the x-direction, with the y-axis invariant. Find the
coordinates of the image of AT.

122 Topic 5 Geometric transformations

3 a) Find the

5(0, 1) ur

b} Describe

€rs

1 a) Streich 3

b)

The trans
the y-axis
Stretch 18
This tram!
x-axis wil
The two s
stretch.

The trans
and -3 in

2 A stretch of §
x—murdmatq
S(T) = Al(Z568

3 a)

b)

B'(2 x4
C'(2 =

G 968
0 SHOSS
The m-m'll_
S0, 5).
The trans|
and 5 in &
Notice tha
a2x2 ma



R Worked example 8 (continued)

3 a) Find the image of the square PORS with vertices P(0, 0), Q(1, ), R(1, 1),
3(0, 1) under the transformation represented by the matrix H = [ 0
b) Describe the transformation H in full.
Answers
1 a) Stretch factor = % = % =7
The transformation is a one-way stretch of factor 2 in the direction of
the y-axis with the x-axis invariant.
b) Stretch factor iHH =3
This transformation is a one-way stretch of factor —3 in the direction of
x-axis with the y-axis invariant.
¢) The two one-way stretches in (a) and (b} are combined to give a two-way
stretch.
The transformation is a two-way stretch of factor 2 in the y-axis direction
i image under and -3 in the x-axis direction.
its direction 2 Astretch of factor 2 in the x-axis direction has the effect of multiplying each
x-coordinate of each vertex of AT by 2. See Fig. 5.30.
S(T)=A'(Z x 2, 2) = (4, 2)
B{(Z x4, 2)=(8,2)
C(2Z % 2, 6)=(4, 6)

S nvariant and £ 51

"
Figure 5.30
( 1| [ Y
39l Slo o 1 9-6 5 % ¢
The coordinates of the image of the square are P'(0, 0), 2, 0y, RYZ, 5),
S0, 5).
#E0 a one-way b) The transformation is a two-way stretch of factor 2 in the x-direction
Find the and 5 in the y-direction.
Notice that the origin is always mapped onto itself when multiplied by
a 2 x 2 matrix.
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L In Fig. 5.31 each diagram shows a square object and its image after a one-
way stretch. The image is shaded in each case.

Activity 6 («
3 The square
X-direction

a) Find th

b) What k

4 AABC with
factor -2 im
image AABY

5 APQR with s
vertices P(L,
a) the matg
b) the scale

(i l)rulw rectamng
stretch of fag
a) Find thej
b) What kin

7 AABC with »

matrix |r“§ g

Figure 5.31

Describe fully each stretch, giving the stretch factor, the direction and the
equation of the invariant line.

2 In Fig. 5.32 each diagram shows a square object and its image after a two-
way stretch. The original object is shaded. Describe each stretch fully.

al LR VT T T

way stretch) or by
1o fully desc

Figure 5.32

124 Topic 5 Geometric transformations




Activity 6 (continued)

e after a one- 3 The square ABCD in Fig. 5.33 is given a one-way stretch of factor 2 in the
x-direction with the y-axis invariant.
a) Find the coordinates of the image A'B'C'DY.
b) What kind of shape is A'B'C'D"?

Figure 5.33

AABRC with vertices A(2, 1, B(5, 1) and C(3, 5) is given a one-way stretch of
factor —2 in the x-direction with the y-axis invariant. Draw AABC and its
image AA'B'C' after the stretch.
APQR with vertices P(1, 1), Q(2, 1) and R(2, 2) is mapped onto AMQ'R' with

Hon and the vertices P'(1, -3), Q'(2, —=3) and R'(2, -6) by a stretch. Find:
a) the matrix which represents this transformation

after a two- b) the scale factor of the stretch.

fully. Draw rectangle PQRS with vertices at P(0, 0), Q(0, 2), R(3, 2),5(3, 0).5isa

stretch of factor 3 in the x-direction with the y-axis invariant.
a) Find the coordinates of image QRS
b) What kind of quadrilateral is P'Q'R'S"?
AABC with vertices A(1, 1), B(2, 3) and C(4, 2)is transformed by using the

matrix II:; :7:] Describe the transformation fully.

A stretch is a transformation characterised by an invariant line and a scale factor (one-
‘way stretch) or by two invariant lines and two corresponding factors {two-way stretches).
To fully describe a stretch, we identify the invariant line(s), state the direction(s) of the .
“stretch and give the scale factor(s) of the stretch.
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. SUB-TOPIC7 Shear m

1 Descn‘b&i

A shear is a transformation in which all points along a given line remain fixed, equatay

while other points are shifted parallel to the line by a distance proportional to a) 4
their perpendicular distance from the line. ———

Shear is usually denoted by the matrix H. : .. _I _j

T'he square OABC is transformed into QOA'B'C by a shear.

2 Find the ¢

C(1, -2) al
Figure 5.34

From the shear in Fig. 5.34, note:
QC is the invariant or fixed line.

* All the other points on the Square, except OC, have moved parallel to the
invariant line, the x-axis.
The distance moved by any point depends on its distance from the invariant
line. The point A on the top of the square moves twice as far as the point I’ in
the middle. The points on both sides of the invariant line move by an amount
proportional to their distances from the line.

_ distance moved by a point AA' _BB' 3
Shear factor = distance of that point from the invanant ine ~ OA — CB = =

3

To describe a shear in full you need to:
* Identify the invariant line.

* (jive the shear factor.

= State the direction of the shear.

The matrix [1 K represents a shear with the x-axis invariant and shear

1)
factor k.

The matrix 1

?] represents a shear with the y-axis invariant and shear
factor k. '
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| Worked example 10

1 Describe each shear fully, giving the shear factor, the direction and the
equation of the invariant line.

f
line remain fixed, '
ite proportional to

X

:Bn

Figure 5.35

2 Find the coordinates of the image of AABC with vertices Af4; 0), B(1; 2) and
C(1, —2) after the following:
a) ashear of factor 4 with the y-axis invariant
b) a shear of factor —1 with the y-axis invariant. :
3 H is a transformation represented by the matrix |.E) ?]
d parallel to the a) Find the image of AABC with vertices A(=2.3). B{=2, 5) and C{-35, 3).
b) Describe the transformation H in full.
from the invariant
Bar as the point I’ in
move h}' an amouwni

Answers
1 a) Shear fattur:lf—ﬂ'- =%= 5
This is a shear parallél to the y-axis with x =0 as the invariant line and
shear factor of 3. 2]
b) Shear factor =% = ]—2 = —2%
The shear factor is negative, since the shear is in the negative direction
of the x-axis.
The shear is parallel to the x-axis with y = 0 as the invariant line and
shear factor of wz%.
Use the shear factor to find the images of A, Band C.
. il distance moved by point
Shear factor = distance of that point from the invariant line
A(4, 0) is on the invariant line; it cannot move.
For B(1, 2), let a be the unknown distance moved by the object.
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Worked example 10 (continued)

Distance of B % - —
from invariant
line a-==8

The given
shear factor

Then move 8 units from B parallel to the invariant to arrive at B'(9, 2).
Repeat the process for C.
The image of AABC is AAB'C' with A(4, 0), BY(9, 2) and C'(-7, -2).

Figure 5.36a

b) The images of A, B and C after a shear factor of —1 with the y-axis
invariant are A'(4, —4), B'{1, 1) and C'(1, -3).
Fig. 5.36b shows the image AA'B'C',

Figure 5.36b

3 The transformation matrix H is [é' i’|

a) The coordinates of the image of AABC are A'(7, 3), B'(13, 5) and CY10, 5
b) H is a shear with x-axis invariant and shear factor 3.
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In Fig. 5.37, @
shear

Figure 5.37

D

scTibe ful

equation of

wit

i

Square ABCH

h the x-=a

[

Figure 5.38

a) Find theg
b) What kims




 Activity 7

Figure 5.37

Describe fully each shear, giving the shear factor, the direction and the
equation of the invariant line.

2 Square ABCD in Fig. 5.38 is given a shear H of factor 2 in the x-direction
with the x-axis invariant.

Another way of indicating the
image under translation is
showing matrix multiplication.
e.g. HABCD).

Figure 5.38
a) Find the coordinates of H{ABCD).

b) What kind of shape is H(ABCD)?
pand C'(10, 3)
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Activity 7 (continued)

3 The single transformation H maps AA onto AB. Describe fully the
transformation H.

1

Figure 5.39

Find the coordinates of the image of AABC with vertices A1, ), B(1,
C(2, —1) after the following:
a) a shear of factor 2 with the x-axis invariant
b) a shear of factor -3 with the x-axis invariant
) a shear of factor 1 with the y-axis invariant.
H is a shear of factor — 1.1 in the xdirection with the x-axis invariant.
I is the point (-3, 5) and Qis (4, 3).
Find the coordinates of:
a) i) Hil* ii) H{Q)
b) State the length of H(PQ)
The matrix :_1.‘} {; i represents a transformation H,
a) Find Thc—limagr: of (3, —4) under H,
b) Find the image of (-4, 3) under H
¢} Describe the transformation H in full,
21
-
a) Calculate the coordinates of the image of (-2, -3) under H.
b) Calculate the coordinates of the point which will be mapped
onto (6, 2) by H.
c) Write down the equation of the invariant line.

A shear H is represented by the matrix | El}

B-TOPICS

Iransformations ;
order.

Worked exa
1 AT has vert
M is a reflect
with the line
Sketch the b

by M and the

1} and

fe order of cor
8 5.40 shows AT m
& final image when
fitten as HM(T).

i)

iear} to that. 3
Order in ch

A shear is a transformation in which all points along a given line remain fixed, while other
points are shifted paraliel to the line by a distance proportional to their perpendicular

distance from the line. To fully describe a shear transformation, we give the shear
the direction and the equation of the invariant line.
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—'_-'"' 8 Combined transformations

Nransformations may be combined, with each transformation applied strictly in
Wrder.

Worked example 11

1 AT has vertices A(2, =2}, B(2, —6) and C{4, -6).
M is a reflection in the line y = —1. H is a shear of factor 2 in the x-direction
with the line y = 0 invanant.
Sketch the transformations and show the final image if AT is first reflected
by M and then sheared by H.

Answer

=1, 0), B(1, 1) and

mvariant.

Figure 5.40

The order of combined transformations

Fig. 5.40 shows AT and its image M(T) after a reflection in the line y =—1. HM(T) is
the final image where M(T) has been sheared by H. These transformations can be
written as HM({T).

HM(T) means first apply transformation M (reflection) and then apply transformation

H {shear) to that.
The order in which you do the transformations is very important. HM(T) = MH(T).

ed, while other
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Fig. 5.41 shows how the outcome of MH(T) is different from that of HM(T). Vorked ex:
4 Qua ilate
Quadrilate
Quadrilate
representes
a) Findtk
b) Find th
ABCD.

c) Compx

1 Reflection
Translation
m{mm
'FIrst efiec

Figure 5.41

The figure shows the transformation of MH(T) coordinates of final image are
A"=2Z, 0), B"(-10, 4), C"(-8, 4)

Repeated transformations [}] + [f;’.,

(312
MM(T) means perform transformation M on T and then perform M on the imags e

Inverse transformations

The inverse of a transformation is the transformation which takes the image
back to the object.

If Ris a 2 x 2 matrix which maps P on to P' then R(P) = P and inverse
RYP)=F

Worked example 12

1 APQE has vertices at P(1, 1}, Q(1, 3) and R(2, 3). Find the image of APQR if it

is first reflected in the line y = x and then translated by vector T = [ —Si]
2 Quadrilateral ABCD with vertices at A(0, 2), B(-2, 4), C(2, 7) and D(2, 2) is

first rotated through 180° about the origin and then sheared by the operator
H= IE.. ?:' Find the vertices of the final figure.
3 Each of the fnl]uwing equations represents a transformation.
a) [xl_ -2 0Ol '5'
—zl w2l

b) lyj lﬂ 2‘— {}J[}"

i) Describe each transformation in words.
ii) Find the image of point Q(Z, 1) for each of the transformations.
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of HM(T).

image are

M on the image.

8 the image

mverse

2 ufﬂ.PQR if it
T’[ ~3/

e D2, 2) is
W the operator

mmations.

Worked example 12 (continued)

4 Quadrilateral ABCD has vertices A(0, 0), B(0, 2) C(3, 2) and D(3, 0).
Quadrilateral A'B'C'D' has vertices AY0, 0), B0, 2), C(9, 2) and D9, 0).
Quadrilateral A'B'C'DY is the image of ABCD under a transformation
represented by a matrix of the form [:; Dl.

a) Find the transformation matrix.

b) Find the matrix which will transform quadrilateral A'B'C'D' back to

ABCD.
c¢) Compare the two matrices.

]i:lmswem
1 Reflection in y = x matrix M =
Translation matrix T = —i

7 ol

TM{POR)

First, reflect b}r M

N | i - | o ':’-‘
r ol 3 A=k i

Stmnd translalc by T

HE l i--zl
o
[_3] 15

Ihr: coordinates of the final image of APOR are
P'(6, -2), Q'(8, -2) and R"(8, -1)
2 HR represents a combination of the transformations; rotation R (applied

first) and shear H {applied semnd}.

' -1
HR =5 {i}"cr g b
e =L 99 2 3 3¢

:r
The resuhmg vertices are A(0, —2), B(Z, 6), C(-2,

39 (=[5 Sb1+ )

i) Ilr'-;t the enlargement matrix [ 0 —2] acts on (x, ¥).

Second, the result is then translated by vector [ 3|
ii) Substitute x =2 and y =1 in the equation.

[x’:!—z {)'[2]
y'l |0 -2i —2}

[_4 _fél [_4] = is the point (1, —4)

—2 6 -l? 12]
—17) and D(-2, —12).
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Worked example 12 (continued)
113 0f0 —1)x
b) [f]‘[{) 2l ol

i) First, the reflection matrix Ilr_(: EH acts on (x, ¥).

Second, the result is stretched by matrix i é gjf

ii) Substitute x=2 and y =1 in the equation.
(x' _ (3 'U‘f"ﬂ -1)ix)
=l 2l ol
[0 32 3] s P
15 oll3]=[3) -~ isthe point (-3, -4).
(@ O)0}_(0 7
0 h.h.ZJ = Iz. ©
[a Q)3 _ (9] 7
(¥ b;lzl o I2.| O
From (1:2b=2
b=1]
From (Z): 3a=9
a=3 |
The transformation matrix is lé ?l, a stretch,

Let ILS ?] be matrix S.

If S maps ABCD onto A'B'C'D', then inverse §! will map A'B'C'D' back to
ABCD, the original quadrilateral.
wp= 111
i 3 [U 3]

11 o
= §1=|3 | |will map ABC'D' back to ABCD
=13 0 . =
5= |'rﬂ l]’ let T represent §

1

L {}‘

B 7
T_Iﬂ 1

R i R B | I i
nT j'ﬂ % _l.G 1]
al

. each matrix is the inverse of the other.

1 M is a reflection in the y-axis and H is a shear represented by l é ']2],.
Calculate the coordinates of the point that P(-2, 5) is mapped onto under
the following transformations:

a) HM(P) b) MH(P) c) HXP) d) H'(P)
Write down the matrix which represents each of the following:

a) Rotation of 180° about (0, 0)

b) Enlargement, centre (0, 0), scale factor -2

¢) Reflection in the y-axis

d) Rotation -20° about (0, 0)

e} Reflection in y=-x
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f) Shear
£) Stretch
h} Rotatig
3 R denotes
M denotes
E denotes ;
T denotes
Draw AABY
Find the in
transtorma
a) TR{ABC
b} RM(AB
¢) ET(ABC
d) RE(ABC
e) MTAB
f) TRM(AE
4 Fach of the
(x', ') is the
(x'] _1{-1
|_y'||_1 0 =3
(x| 12 Gi
v~ 0 S
('l _[1 @
|y“l|_iﬂ -1
a) Describe
b) Find the
c) The coos
Bla, b)) m

5 APQR has ve
onto AP'QR
transformati
a) the trans
b) the matn




AB'CD' back to

o 1)

1
iy l:mtc: under

d) H'(P)

Activity 8 (continued)

f) Shear of factor 3, in the y-direction with p-axis invariant
8) Stretch of factor -5 in the x-direction with y-axis invariant
h) Rotation +90° about (0, 0)

K denotes a rotation of 180°, centre (0, 1).

M denotes a reflection in the line y = 0.

E denotes an enlargement, scale factor -2, centre (0, 0).

T denotes a translation matrix [ ‘3|

Draw AABC with vertices A(2, 2}, B{{} 2} and C(6, 4).

Find the images of AABC under the following combinations of
transformations.

a) TR(ABC)

b) BM(ABC)

) ET(ABC)

d) RE(ABC)

e) MTXABC)

f) TRM(ABC)

Each of the following equations represents a transformation in which
(x', °) is the image of the point (x, y).

| r'l [ I||| : ]l.x
0 110 1]y

fx | 2 [ 'x|

] ln sllo allyi

[;| =lo S)+13)

a) Describe the transformation in words.

b} Find the image of the point A(-2, 5) for each transformation.

¢) The coordinates of point B' are (3, —4). Find the coordinates of the point

B{a, &) under each transformation.

APQR has vertices at points P(0, 4), Q(2, 1) and R(3, 5). APOR is mapped

onto AP'()'R. Vertices at P'(0, 12), Q'(—4, 3) and R'(—6, 15) are given by a

transformation matrix of the form [g g Find

a) the transformation matrix l

b) the matrix which will map AP'Q'R' back onto APQR.
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:~:.’£- o " 2 : H r': _ = 2

' m 4@;1 "I »}2":1,?9,:‘._}, : H?'} -J:;i;_q;"'”}__:,';,-_;_ L2 e ¥ FORE -

sug-topicg Find area scale factor of a stretch
by determinant method

Worked exa
1 APOR has w

As we look at a stretch, remember that: y-axis is I
* a stretch has an invariant line and points on the invariant line do not move stretch, find
* the distance each point moves is proportional to its distance from the invarian: a) the streh
line b) the imag
c) the ratio
Worked example 13 -
Find the matrix for a stretch § parallel to the x-axis with the y-axis invariant, T
under which the point Q(2, 1) is mapped onto Q'(8, 1). i :
[ - -
IR Bass i 2N :
E e L BT :_ (=1
i o RIS
Figure 5.43
APQR is
Figure 5.42 factor of 3.
Answer 2) Figd
3 WL : b) Cal
Fig. 5.42 shows Q(2, 1) and its image Q'(8, 1). 3 In Fig. 5.44,
To find the matrix of the stretch S, take A as (1, 0) and B as (0, 1). the x--axi‘s i
Q(2, 1) is 2 units from the invariant line and has moved 6 units to Q'(8, 1) a) Find thel
Then A(1, 0) which is 1 unit from the invariant line will move 3 units to A'(4, 0). the -
OB is invariant, therefore the coordinates for B remain (0, 1). b) Find
Hence the transformation matrix § is giw:n by: of O
=2 9
o 1) o
From Fig. 5.42, note that the unit square OACB has been mapped onto rectangle
OA'C'B. Now the rectangle OA'C'B has an area of 4 squares, and so the area of
square QABC has been multiplied by 4.
The determinant of the matrix [4 ﬂ| = xS
Therefore in a stretch Ijammrmailon the determinant gives the multiplier for 1 a) Since /

the areas.

Stretch &

The detenminant of a matrix is calculated from the coordinates of the matrix.
We use [5] to represent the determinant of the matrix S.
For a 2 x 2 matrix, the determminant is calculated as follows:

g [H b

Then ma

"lll:l'._
h] The in
units,

IS] or det(3) =ad - be
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a stretch

1 APQR has vertices P(2, 1), OQ(4, 1) and B{(5, 3). § is a stretch such that the
y-axis is invariant. Given that A(1, 0) is mapped onto A'(3, 0) under this

¢ do not move stretch, find:

from the invariant a) the stretch matrix S

b) the image of APOR under this transformation

c) the ratio of the area of APQR to the area of AP'Q'R.

Va
invariant,

4

P
2

P

R 2

r
Figure 5.43

APQR is mapped onto AP'Q'R' by an enlargement with centre O and a scale
factor of 3.
a) Find the enlargement matrix.
b} Calculate the ratio of the area of APQR to the area of AP'Q'R.
In Fig. 5.44, the square unit OABC is mapped onto OAB'C' by a shear with
the x-axis invariant. s
a) Find the matrix of !
the shear,
b) Find the ratio of area
of OABC to the area
of OAB'C'.

3 units to A'(4, 0).

ad onto rectangle
=0 the area of

Answers

1 a) Since A(l, 0) is mapped onto A'(3, 0) and the y-axis is invarant.
distance of image from invariant line
distance of object from invariant line

multiplier for

Stretch factor =
S Of the matrix. Then malrix S = l?} ?]

Determinant of [3 ?] =3

b) The image of APOR.
Since A(1, 0) has moved 2 units to A'(3, ©), then F(2, 1) will move 4
umnits, as it is 2 units from the invariant line.

Sub-topic 9 Find area scale factor of a stretch by determinant method




Worked example 14 (continued)

And P is (6, 1)

Similarly Q'is (12, 1) and R' is (15, 3)

or by multiplying the matrices:

R e R

{3 {]'"2 4 5J=fﬁ 12 15]

0|l S AT E =t

That is, P'(6, 1), B'(12, 1) and C'(15, 3)
Ma

Figure 5.45

The ratio of the base PQto PQ' is 2:6=1: 3.
Area of image P'Q'R' = det (matrix) x area of POR
EE L
det|5 9]=3
- area of PQ'R' = 3 x area of PQR.
= the ratio of area of APQR: area of APQR'=1: 3
2 a) The centre of enlargement is the origin (0, 0) and the scale factor is 3.
The matrix of enlargement is F = a gJ
b) The determinant of |3 9} is32= o

0 3
= the ratio of the area of APQR : AP'QR'is 1:9. Shear does not change
3 a) Scale factor = R—E—%: 2 the area of a shape,
So the shear matrix is lé ‘?] ' :r;de:;;v#:na;nw?gf Th 2o

b) The det [é ?] =1

Since the determinant is 1 it means the area has not changed.
- the area of OABC = area of OAB'C' and so the ratio is 1:1.

1 The stretch S is such that the y-axis is invariant. APQR is mapped onto
AP'Q'R' under this transformation, and the image of (3, 5) is P'(6, 5).
a) Find the scale factor of the stretch.

b) Find the coordinates of the images of P () and R.
¢) Draw APQR and its image AP'Q'R’ on Cartesian plane,

2 An enlarger

a) Find the
b) Find the
c) Calculat

the area

3 Fig. 5.47 she

which maps
a) the cents
b) the scale
) the ratio

the area
d) the areay

APQR IS 3

4 A thombus ™

mapped ontd
a) Find the ¢
b) Find the 3
¢) Calculate

d) Find the matrix S.
e) Find the ratio of the area of APOR to the area of AP'Q'R"
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.: Activity 9 (continued)

2 An enlargement E maps AT onto AR.
a) Find the centre of enlargement.
b} Find the scale factor of the enlargement.
c) Calculate the ratio of the area of AT to
the area of AR.

3

Fig. 5.47 shows an enlargement E
which maps APOR onto APST. Find:
a) the centre of enlargement
b) the scale factor of the enlargement
c) the ratio of the area of APQER to
the area of APST

d) the area of APST, if the area of

e factor is 3. APQR is 24 cm?.

35 not change

Figure 5.47

4 A rhombus PQRS with vertices at (1, 4), (2, 1), (3, 4) and (2, 7) respectively is
mapped onto P'Q'R'S' by a transformation matrix Ia []J' ;
a) Find the coordinates of P'O'R'S, the image of |*QR5,'
b} Find the arca of P'Q'R'S.
¢} Calculate the area of PQRS if the area of P'OQ'R'S' is 18 cm™

Sub-topic 9 Find arca scale factor of a stretch by determinant method “ 39




| Rotation 180°

Identity

; Rotation 270°
Translation e centre (0, O)

Reflection in x-axis ¥, ! Botation clockws
' centre (0, 0)

'i
.'

:: Reflection in y-axis . - E —t
| ‘ ; argemen
centre (0, 0)

Reflection in y = x

Reflection in y = —x

Rotation anticlockwise 90° Stretch x-axis im

*
centre (0, 0}
£
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mmary, revision and assessment (continued)

Transformation ' Matrix

Rotation 180°
centre (0, 0)

Rotation 270°
centre (0, 0}

Rotation clockwise 80°
centre (0, 0)

Enlargement
centre (0, 0)

Shear y-axis invariant

5

Shear y-axis invariant

Stretch x-axis invariant

Topic 5 Summary, tevision and assessment




Summary, revision and assessment (continued)

6 A0, 0), BY

Transformation | Sketch | Matrix

Stretch y-axis invariant :; d;;?;::
b) Find tis

Assessmel

| 1 AP has verti
Stretch 2-way stretch in x and . | a) Usinga
y-directions I | of x and
! 'h DJ b) The trag
1 ' 0k c) AQism

I :: enlarges

the cent

* If a transformation is a shear, the area remains unchanged. d) AQ is mu
» For other transformations: rotation
— If Ais the original area, then the area of the image = det(matrix) x A of rotati

T}

Revision =t ";:Ei
1 Using base vectors, describe the transformation represented by the followin g i) Findi
matrices. of AT

[ o | ' T | ii) Descs

a) .“1} é‘r.' b) | {i 1:1}1 <) 'l?a ‘-;l 9 |5 g' : by {ﬁ

o [1 9] o [t 9 L9 2 Fig. 5.49 st

2 Pis a rotation of 90° anticlockwise about (0, 0). Q is a reflection in the line a) A Ua{?"‘u
x=3. Ris atranslation which maps (2, —1) onto (-3, =1) Find the image of the b) L}esfmbe
point (1, 2) under: which m

a) P b) * ¢) QR d) R ) POR f) RQp i

3 APQR with vertices P(2, 2), Q(4, 2) and R(3, 4) is mapped onto a triangle with C) AEis maj
vertices (-2, —1), Q'0, -1} and R'(-1, 1). 5_11'35" H.!
a) Draw and label APQR and its image APQ'R, 1) theey

b) Describe fully the transformation which maps APQR onto AP'Q'R. ﬁwanant
4 AEFG with vertices E(1, 1), F(2, 1) and G{Z, 2) is mapped onto AE'F'G' with "j_ Thesh
vertices (1, -3), F(2, -3) and G'(2, -6) by a stretch S. Find: d) AEis mag
a) the matrix 5 b) the scale of the stretch factor an 'fn]‘ug'
5 ASTU with vertices $(0, 1), T(1, 1), U(1, 3} is mapped onto 5'(4, 1), T'(3, 1) and 2 with (6§
3.3 Draw and

a) Find the equation of the mirror line of this reflection.
b) Find the image of ASTU under a reflection in the y-axis,
¢) Find the translation that maps this image onto AST'L".
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MAaLrix) »« A

d by the following

5 0
Do 2

0n in the line
Bl the image of the

f} R IQ-Jr:-l

0 a triangle with
DAFO'R.
0 AE'FG' with

£h factor
% 1), Tl[jr 1) and

nmary, revision and assessment (continued)

6 A0, 0), B'(8, 9) and C'(16, 3) are the images of A(0, 0), B(2, 3)and C{4, 1)

L]

under a transformation represented by a matrix of the form | b
|

a) Find the transformation matrix.
b} Find the matrix that would transform AA'B'C' back to AABC,

Assessment

1 AP has vertices (-2, 3). (=2, 6) and (-4, 3).

a) Using a scale of T cm to represent | unit on each axis, draw axes for values

of xand y in the range -8 < x < 8 and -8 < y £ 8. Draw and label AP.
b) The translation T = [ (,’}| maps AP onto AQ. Draw and label AQ.
) AQ is mapped onto AR h}f an

enlargement E = _2 | with O(0, 0) as %

the centre. l_)raw :md Ea%)ei AR. . o
d) AQ is mapped onto A5 by a clockwise “

rotation of 90° with (1, 4) as the centre

of rotation. Draw and label AS.

The matrix |2 fl‘l represents the

tramfﬂrmdtmn which maps AQ onto AT.

i) Find the coordinates of the vertices
of AT,

i) l}leaa ribe the transformation represented Figure 5.48

h}ru {i} in full.

Fig. 5.49 shnws triangles E, F, G and H.

a) A translation T maps AE onto AE Find the column vector for T.

b) Describe a transformation
which maps AE onto AG in
full. i

¢) AE is mapped onto AH by a
shear H. Write down: '
i) the equation of the
invariant line

ii) the shear factor.

AE is mapped onto Al by
an enlargement of factor
2 with (0, 1) as the centre.
Draw and label Al

Figure 5.49

Topic 5 Summary, revision and assessment
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Summary, revision and assessment (continued)

3 The point (x', ) is the image of the point (x, ) after a combination of
transfo:mai]m'rs given by:

In}’ |U i.f JI If_‘nl [
a) Find the coordinates of O, the image of the point O0, 0). ! Sub-
b) Find the coordinates of A', the image of the point A2, 2).
c) IB'(6, B)isthei image of B{a, b), form two equations and solve for @ and b.
4 AA with vertices (2, 4), (4, 4) and (4, 1} is mapped onto AB with vertices
(6, 12), (12, 12) and (12, 3).
a) i) Draw and label triangles A and B.
ii} Describe the transformation that maps AA onto AB in full.
b) R is a clockwise rotation of 90° about the origin. Draw and label AR(A).
¢) The transformation T is the translation [- .j. Draw and label AT(A) and
ART(A) ' =
d) The single transformation M is represented by the matrix | ﬂl' (1}} Draw | Starter activit
and label AM(A) and describe the transformation M in [uH
A unit square has vertices A(0, 0), B(1, 0, C(1, 1), and X0, 1).
a) This square is transformed under the matrix ﬁ? 31' Write down the
coordinates of the vertices of the i image.
b) Use the determinant to find the area of parallelogram ABCD,

| Introduction to Ears

| Small and great cire
Latitudes and longs

Speed in knots and |

| Here are two diags
“in Africa while Fig
Cradius of 6 370 kn

wn

1 MName the
¢ 2 Name the
3 What do you
4 What does th
3 What is the

of the Earth)?
. 6 Estimate ho
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e for a and b.
vertices

Earth geometry

Sub-topic Specific Outcomes

Introduction to Earth geometry [ * Explain the concept of Earth geometry.

Small and great circles | = Distinguish between small and great circles.

Latitudes and longitudes * (Calculate distance along parallels of latitudes

| and longitudes in kilometres and nautical miles.
Calculate the shortest distance between two
places on the surface of the Earth.

Speed in knots and time Calculate speed in knots and tima.

Starter activity

Here are two diagrams of the Earth: Fig. 6.1a highlights the position of Zambia
in Africa while Fig. 6.1b is a blank representation of the Earth. The Earth has a

radius of 6 370 km. Use the diagrams to answer the questions.

Figure 6.1a Figure 6.1b

Mame the lines X, Y and Z.

Name the points V and W.

What do you think the point A is?

What does the line AB represent and what is its actual length?

What is the length of the straight line WV (which goes through the centre

of the Earth)?
Estimate how far the centre of Zambia is from the Equator.
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SUB-TOPIC1 Introduction to Earth geometry

Earth geometry and Euclidean geometry

The geometry that you have studied until now, such as circle theorems and
vongruency, is based on Euclidean geometry. This kind of geometry uses the wav
lines and angles interact on a flat plane.

When we work with relatively small distances
on the Earth's surface, such as the distance
between towns in Zambia, we use Fuclidean
geometry for our calculations. When we measure
distances that an aeroplane flies between two
countries that are far apart on the Earth's surface, Zambia——
we need to go around the curve of the Farth
from one place to another, Here we need to
use Earth geometry for our calculations.

Think about a direct or straight-line distance
between a place in Zambia and a city in China.
On a map (Fig. 6.2a) the route from Zambia to
China looks like a straight line. However, when
you look at a globe (Fig. 6.2b) you realise that
the line follows the shape of the curve of the
Earth in three dimensions. The three-
dimensional line is longer than the flat line.

This also means that other geometry rules
will be different in Farth geometry. If we draw a triangle on the Earth’s surface,
because the surface is curved, we can draw a triangle with two 90° angles!

In Fig. 6.3 angles B and C are each equal to 90°,

Figure 6.2a

Figure 6.2b

&

Figure 6.3

The uses of Earth geometry

We use Earth geometry for locating places on the Farth's surface and determining
distances and universal time between such places.
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In reality the Earth is not quite spherical (it is slightly flattened at the North
and South Poles). The surface of the earth is not even, as there are mountains and
wvalleys, and so on.

In Earth geometry we make these assumptions:
'* The Earth is spherical and has a radius of 6 371 km.
= The surface of the earth is even.

The properties of a sphere

* A sphere is a perfectly round three-
dimensional object.
The point O in the middle is the centre
of the sphere. All points on the surface circumference
are the same distance from the centre.
The distance r is the radius of the sphere.
The diameter is the longest straight line
passing through the centre of the sphere; Figure 6.4
it is equal to twice the radius.
A sphere is an object that has the smallest surface area for a given volume. This
is why objects in nature are often spherical.
Distances between points on a sphere can be calculated by calculating the
length of arcs formed between the points. We treat these distances as part of
circle circumferences.

ems and
f uses the way

Remember these parts of the circle: — diameter

's surface,

angles!

Uiseful formulae for circles and spheres

| Area of a circle = m® Surface area of a sphere = dir?

Length of circumference of a circle = 2nr Volume of a sphere = f;nrﬁ

Area of a circle sector with angle 8 = gg‘ﬁnri'

Length of an arc of a
circle sector with

_.a
angle &8 = 50° mr

b determining
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Worked example 1

Using the formulae given for circles and spheres, calculate the following. Round
off your answers to two decimal places.
I The length of the arc of a circle sector with radius 5 cm with these angles.
a) 90° b) 40° ¢) 110°
2 The area of the circle sector with radius 120 m and the these angles.
a) 40° b) 60 c) 125°
3 The surface area of a quarter of a sphere with radius 16 km.

Answers

1 a) Length= 20 a(5)=7.85 cm

IHH" 13[]“
b} Length = 'I—Sb,]'l.’r"' IH{}QTE{.S} 3.49 cm

¢) Length=-2 ST ;;3";:.:5} 9.60 cm

Rk . b
2 a) Area= SM}"ﬂr Hﬁ(}‘ (1201 =5 026.55 m

b} Area= T m,nr? 3 ao°

125 c: 2
c) Area= 3W.-n'* Fep(120)% = 15 707.96 m?

3 Surface area =%{4m‘1] =n(16) = 804.25 km?

n{12[l]-5 = 753982 m?

Activity 1 (c

f) The Eart

in the al

Earth. C

4 Find the lem
angles.
a) s0°

5 Find the are
a) 75°

Use the formulae for the circle and the sphere to answer the following questions
Round off your answers to two decimal places.
1 Calculate the volume and surface area of spheres with the following radii.
a) 15cm b) 3 km c) 42 m
2 a) Arubber football has an outside diameter of 22 cm. The thickness of the
rubber is 0.5 cm. What is the volume of the rubber itself to the nearest
cubic centimetre (cm¥)?
b) The same rubber football is sliced in half. What is the surface area of the
rubber of one of the hemispheres?
The radius of the Earth is approximately 6 370 km.
a) Calculate the circumference of the Farth at its widest position.
b) What is the distance from the North Pole to the South Pole directly
through the centre of the Earth?
¢) What is the distance from the North Pole to the South Pole along the
surface of the Farth?
d} What is the surface area of the Farth?
¢} What is the volume of the Earth?
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Activity 1 (continued)

'_ owing. Round f) The Earth's atmosphere is about 480 km thick, but most of the gases
, in the atmosphere are concentrated within 16 km of the surface of the
i these angles. Earth. Calculate the volume of this cancentrated part of the atmosphere.
4 Find the length of the arc of the circle sector with radius 2 000 km and these
angles. angles.
a) 80" b) 40° c} 110°
5 Find the area of the circle sector with radius 5 000 km and these angles.
a) 75° b) 32° c) 2007

wing questions.
pliowing radii.
m
thickness of the
io the nearest

e area of the

directly

e along the
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SUB-TOPIC2 Great and small circles

The orientation of the Earth

We use a particular model of the North Pole
Earth for our study of Earth
geometry. This model is based on
two fixed points: the North and
South Poles of the Earth's axis,
around which it rotates. This model  Equator
comes from a formal decision to

regard the North Pole as the one

direction of

Slaton omall circles
A small circle |
less than the ¢
» All lines of lati

There are alse

Marlhern

Hemisphara 8 lires of longituse

arofmd whlich the planet rotates ﬁg;‘g‘;ﬂm : T— e shortest surf
anticlockwise, the arc along the
Fig. 6.6 shows a model of the
i Earth. South Pole e
Figure 6.6

i Un a globe of the Earth, we commonly refer to its two ng wm-d .

| halves as the Southern Hemisphere and the Northern hemisphere: half of a

| Hemisphere. However, the sphere could be sliced at sphere (as if the sphere

| an infinite number of different places to produce has been sliced in half right
identical hemispheres. through the middie) ;

An introduction to latitude and longitude
| Before we learn about great and small circles of the Earth it would help us if we
| knew something about concepts such as latitude and lon gitude.
To measure accurately the position of any place on the surface of the Earth,

a grid system has been set up. It pinpoints a location by using two coordinates:

latitude and longitude.

* Lines of latitude are imaginary parallel lines that run from east 1o west around
the Earth's surface. The longest of these is called the Equator and is the only
line of latitude with a radius of 6 370 km.

* Lines of longitude represent east-west location.

e size of a smal
would look like i
to the Equator. T8
The size of the rat
The further away
Cross-section.

; New word
They are shown by a series of north-south PR
A : ian: an imaginary line
running lines that all meet at the North and forming a circle that =

South Poles. They are the widest apart at the through the Earth's North
Equator. Lines of longitude are also called and South Poles
meridians.

Great circles

* A great circle of the Earth is a circle on the surface of the Earth whose radius is
equal to that of the Earth. This means that the Equator is a great circle,
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TOPIC 6

All lines of longitude are great circles passing through the North and South
Poles.

There are an infinite number of great circles of the Earth as they can be drawn
at any point on the Earth's surface.,

Bty Pt All great circles of the Earth are exactly the same size: they divide the Earth into
two equal hemispheres, no matter where they are.

d i s
el Small circles

lines of longitude * A small circle of the Earth is a circle on the surface of the Earth whose radius is
f (endisns) less than the radius of the Earth.
All lines of latitude, except the Equator, are small circles.
There are also small circles which are not latitudes.

The shortest surface distance between any two points on a sphere is the length of
the arc along the great circle through those points.

lines of latitude

great circles

small circles

sliced in half right
the middle)

Figure 6.7

The size of a small circle depends on its position. Fig. 6.8 shows what the globe
would look like if it was sliced at the Equator and at two of its small circles parallel
to the Equator. The cross-section of each slice is a circle with a different radius.
The size of the radius depends on the distance of the small circle from the Equator.
‘The further away from the Equator the small circle is, the smaller the radius of the
cross-section,

£ast to west around

lor and is the only

| —

Earth whose radius is

a great circle. Figure 6.8

Sub-topic 2 Great and small circles 151




1 a) In Fig. 6.9, write down the letters that indicate great circles.
b) Write down the letters of the small circles.

ion
Prime
Figure 6.9
; 2 Look at an atlas. Between which two major latitudes does Zambia lie?
Figure

3 The Tropic of Cancer is located at 23.5° north of the Equator and the
Tropic of Capricorn lies at 23.57 south of the Equator and runs through the
northern part of South Africa. The circumferences of these latitudes are each
36 788 km. Re-arrange the formula for the circumference of a circle to find
the radius of these small circles.

4 The Arctic Circle is a small circle of the Earth with a circumference of

17 662 km. What is the radius of the Arctic Circle?

Locating po

P Fig. 6.11 shows pa
* Meridian, or how
i5 located by defin
latitude first am:li t

i

Figure 63
Foimts A to H repre
= A s 30° cast and
Bis0° 60°W

s Cis30°5,30°W
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longitudes

LB.370 km |~ latitudes

Prime Meridian : Equator

South Pole

Figure 6.10

through the Locating positions on the Earth’s grid
judes are each

Becle to find Fig. 6.11 shows part of the Farth's grid. It shows how far east or west of the Prime
Meridian, or how far north or south of the Equator, a place is. Any place on Earth
is located by defining its latitude and longitude. The convention is to state the
latitude first and then the longitude.

South Pole
Figure 6.11

Points A to H represent places on Earth. We describe the coordinates as follows:

« Ais 30° east and 0° north or south (it is on the Equator): we write this 0°, 30° E.
« Bis0?, 60° W

» Cis30°S,30°W
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* Dis60°N, 90" E

= E is 907 south and ()° west or east (it is on the Prime Meridian): we write this
90° 5, 0°. ive the co

* Fis30°5, 90° E g. 6.14. A

* Gis30°N, 90°E 1 Lukulu

* His90° N, 90°E 4 Serenje

More on latitude

* Latitude is distance north or south of the Equator.
* The latitude of any given place is its distance,
measured in degrees of arc, from the Equator.
* Latitude is numbered in both directions from
the Equator, so the Equator is numbered 0°
and the Poles 90° N and 90° S.
* Except for the Equator, we write N or § after
the number given for the latitude.

More on longitude Figure 6.12 -

* Longitude is distance east or west of the Prime Meridian.
* The longitude of any given place is its distance, measured in degrees of arc,
from the Prime Meridian.

Some special meridians

The Prime Meridian is more commonly known
as the Greenwich {pronounced ‘GREH-nich’)
Meridian as it passes through Greenwich in
London, Great Britain.

Figure 6:14

The meridian on the opposite side of the
Earth to the Greenwich Meridian is known as Answers
the 180th Meridian or the International Date Line. 1 Lukulu 14
_ 3 Kasempa |
3 :
Figure .13 5 Nakond®

it L , , Subdividing k&
The Global Positioning System (GPS) is a system of 27 sateliites that orbit {travel around) For more precise &
the Earth. A GPS receiver, like the ones that give directions in a car, on a sports watch, or T
on a mobile phone, links to four or more satellites and detects the distance to the user, fire SIMIAC
Then it gives the geographical coordinates, using the distance information and using there are 60 ming
Earth geometry to do the calculations.

Just as with time,

For example, a
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Worked example 2

(Give the coordinates for the following towns in Zambia, using the map in
Fig. 6.14. Approximate your answers to the nearest degree.
1 Lukulu 2 Lusaka 3 Kasempa
4 Serenje 5 Nakonde 6 Mambwe

a

BE

5 i
DEMOCRATIC REP.
oF THE COMNGD

Figure 6.14

Answers
1 Lukulu 14°5, 23° E 2 lusaka 15°5,28°E
3 Kasempa 13° 8§, 26° E 4 Serenje 13° S, 30° E
5 Nakonde 9° S, 33 °E 6 Mambwe 13°5, 32° E

Subdividing latitude and longitude

For more precise measurements, you can include minutes of arc. Minutes of arc
are similar to minutes of time in that one minute of latitude is hT'ﬁth of a degree;
there are 60) minutes of arc in 1 degree.

Just as with time, a minute of arc is represented by an apostrophe: .
For example, a more precise position for Kasempa would be 137 30' S, 25° 44' E.
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Angular di

Angular distam

1 Use the map in Fig. 6.14. Name the places in Zambia with the following

positions. For your intere
a) 15°25'5,28°16'E b) 13°38'5,32° 28'E * One degreeg
c) 15%3F 5, 25° 30'E d) 16° 30' 5, 28° 50" E distance.

‘ 2 Work with a world atlas. The position of a point on a map is given as * One minute
3075, 277 L,

Below we devel
find the distang
dimensions, as

a) On which side of the Equator (above or below) would you look for the
point 30° §, 27° E on a map of the world?
b) On which side of the 0° line of longitude (right or left) would you find

this point? Earth’s surface.
¢} Use your atlas to find the country where we find this point. Name the -
country. cﬂ'ﬂlllﬂtll!

latitude
In Fig. 6.16, A &

d) Which town lies closest to this point?
3 Use an atlas to find the cities with the following coordinates:

a) 60°N, 101°E b) 35° N, 140°F line of latitude.

) 20°N,100°W d) 35°S, 59° W formulze on pal
4 Give the coordinates of the cities as accurately as you can:

a) Djibouti (Djibouti) b) Bern (Switzerland)

c) Colombo (Sri Lanka) d) Caracas (Venezuela) .

e) Harare (Zimbabwe) f) Sydney (Australia) \

5 Determine the following without looking at an atlas:
a) Which of the cities in Questions 3 and 4 are in the Southern
Hemisphere?
b) Which city from Questions 3 and 4 is closest to the Equator?

Using latitude and longitude to calculate distances

Lines of longitude and latitude are not
only used to find position. They are also
used to calculate distances in Earth
geometry. Fig. 6.15 shows how the
latitude of a place on Earth corresponds
to an angle measured from the centre
of the Earth.

For example, any point on the small
circle of latitude 30° N forms an angle
of 30° with the radius drawn at the Equator.

where o is 1
the small ¢i

Figure 6.15
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following

E

E

ook for the
pald vou find

Name the

Angular distance

Angular distance is the difference in latitude or longitude between two places.

For your interest, picture a globe of the Earth and understand that:

= One degree of angular distance gives an arc of approximately 110.9 km linear
distance,

* One minute of angular distance is equal to about 1.83 km of linear distance.

Below we develop a formula for using the difference in latitude or longitude to
find the distance between two places. Remember that measuring distance in two
dimensions, as on a flat map, would be inaccurate due to the curvature of the
Earth’s surface.

Calculating the length of an arc on a line of longitude or
latitude

In Fig. 6.16, A and B lie on the same line of longitude. M and N lie on the same
line of latitude. We can derive formulae for the length of an arc from our circle
formulae on page 147.

South Pole
Figure 6.16

To calculate the length of arc AB which lies on a line of longitude (a great
circle), we use the formula:

e
;"LE._—SmanTrR

o AB =2 x nR
where @ is the difference in latitude between A and B, and R (= 6 370 km)
is the radius of the Farth.

To calculate the length of arc MN which lies on a line of latitude (a small
circle), we use the formula:

MN = ?&F x 2mr

= MN= % ® TIT
where & is the difference in longitude between M and N, and r is the radius of
the small circle of latitude through M and N.
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Equator

Figure 6.17

Let the radius of the Earth be B = QOB = ON,

Let the radius of the small circle be r= LN.

Let the angle between OB and ON be 8. In other words, the small circle is
& degrees south of the Equator.

So in right-angled triangle AOLN, #ONL = 8, since OB is parallel to LN.
adjacent side
(cosl=—
hypotenuse
~r=FRcos@

The formula for calculating r from R, given the angle 0 formed between the
radius from the Equator and the small circle, is:

Worked example 3

1 A small circle is at a position so that it forms an angle of 55° with the radius
at the Equator. Find the radius of the small circle.

2 A circle of latitude has a radius of 3 185 km. Calculate the angle that this
circle makes with the radius from the equator.

Note

Because a small circle of the Earth is a line of latitude, we can also call it a circle of
latitude or a parallel of latitude.

r=Rcos B
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Worked e>

1 Calculate 8§
of latitude.
a) 65°8
by 27° N
c) 82°S
dy 16° N
Zambia has
of the leng
Find the an
a) radios 2




Worked example 3 (continued)

Answers

1 Draw a rough sketch of the situation. See Fig. 6.18.
The radius R of the Earth is 6 370 km. We want to find r, the length of LN.

In AQLN, cos 55°

o5 55"~ %

= r=Rcos 55° 55 //_ l\rq

=6 370 x cos 55° HL 55
=3 654 Equator . R \
The radius of the circle of latitude 55° N
is 3 654 km. K
Figure 6.18

gircle is 2 Draw a rough sketch. See Fig. 6.19.

Here r=3 185 km. Let the angle that this
D LN, circle makes with the radius from the

Equator be 8° 5.

r=Rcos@

cos 6= E Equator

veéen the 3_ {(from AOLN) "‘_‘___‘_
& 370 T h
=0.5 - 1_‘:1...91
B=cos" 0.3
— 60° Figure 6.19

The required latitude is therefore 60° 5.

ith the radius

1 Calculate the radius of the small circles parallel to the Equator at these lines
of latitude.
a) 65°§
b) 27°N
) B2"S
d) 16°N

2 Zambia has a range of lines of latitude from 97 5 to 18° 5. What is the range
of the length of the radii of the small circles parallel to the Equator?

3 Find the angle from the Equator that each of these lines of latitude makes:
a) radius 2 445 km b) circumference 21 400 km

that this
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circle of latitude

We have learnt that to calculate the length of the arc
MN which lies on a circle of latitude, given the value
of the radius r of the small circle, we use the formula:

MN = 'Ig{l"“ * 7T

However, if are not given the value of r but are
given the angle 6 between the small circle and
the Equator (see Fig. 6.2) we can substitute

r=H cos 8 to get this formula for the length of MN:

B
MN = Im}anﬂcos B

where 8 is the angle between the radius of the
small circle and R, the radius of the Earth.

Worked example 4

a) the radius of latitude 30° north
b} the difference in longitude between M and N

Equator and D is on latitude 60° north of the Equator.

Answers

a) r=Rcos3D®

Another way of calculating the length of an arc on a

Figure 6.20

¢) the distance MN measured along the surface of the earth.
2 Calculate the distance CD, given that C is on latitude 60° south of the

1 Fig. 6.21 shows the relative positions of M and N (not to scale).

M and N = #MTN
ZMTN = 85° 15' - 30° 30" = 54° 45",
This gives us the value of o, the
angle between the radii of the
small circles.

¢) Length of arc MN =

Figure 6.21
¥,

wer

T
= *3.142. % 5517

=35 273
S MN=5273km.
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=6 370 x0.8660254...
= 5517 T
The radius of latitude 30°
is therefore 5 517 km e 2
b) Difference in longitude between 8 0°

MNorth Pole

>~

South Pole

1 M and N are two places, both lying on latitude 30° north. M is on longitude
85° 15" west and N is on longitude 30° 30' west. Calculate

Prime Meridian

Equator

Worked exa
2 Cand D are

they lie on
length of th
sides of the
ZCOD=§

Length of as

= 1200
= 155 A EN

=13 343
S0 the dists

1 Copy the zm

(]

Plot in the o
and longitud
a) A(Q°E 0°
b} B30°E &
c) C{O°E 34
d) D{30° W,
e) E(60° W, 3
£ F90°W. 3
g) G30°E S
h) H(15° W,

Give the latits
Fig. 6.24 shom
that follow.

a) Write dow
in terms o
longitude!
AtoE

L) Find the o
latitude be

i) Aand
iii) C and
v) G and
vii) B and
ix) Kand




IS on longitude

#th of the

Worked example (continued)

2 Cand D are points on the same longitude, therefore

they lie on a great circle. We need to find the

length of the arc CD. C and D are on opposite
sides of the Equator, therefore

LCOD = 60F° + 60° = 120°,

Length of arc CD =2 x 7R

180

=-§-§-{f}§xm63?n

=13 343

So the distance CD is 13 343 km.

Activity 5 |

£
D
o
©

o]

Figura 6.22

1 Copy the grid in Fig. 6.23,

Flot in the following latitudes

and longitudes.

a) A(0°E, 0°N)

b) B(30°E, 60° N)
c) C{0°E, 30° %)
d) D(30° W, 30° N)
e) E(60°W, 30°5)
£} F(90° W, 30° §)
gl G(30°E, 90°8)
h} H{15° W, 0°5)

that follow.

a) Write down the positions

in terms of latitude and
longitude of the points
AtoF

b) Find the difference in
latitude between:

i) Aand C ii) Aandl
iii) C and I iv) Iand L
v) GandM wvi) NandF
vii) Band F  wiii) Kand F

iX) Kand N

car 3 00
South Pole

Give the latitude and longitude of tB¥88tth Pole and the North Pole.

Fig. 6.24 shows part of the Earth’s grid. Use the grid to answer the questions

.

Figure 6.24

South Pole
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Activity 5 (continued)

¢} Find the difference in longitude between:
i) Aand B ii) Dand L iii) Dand N

iv) Tand H v) land M vi) Hand M

vii) Eand T wiii) Cand P ix) Qand G
Find the radius of each of the following circles of latitude.
a) 60°5 b) 45° N c) 334°N d) 0°
e) 80°45'58 f) 83°53's g) 90° N h} 6-:5-%“ N
Work out the distance between the following places on the grid in Question 2.
a) Aand C b) Aandl
¢) Candl d) land L
¢) GandM fy Aand B
g} Dand L h)Dand N
i) land H D land M
Calculate the distance between the North Pole and the South Pole, measured
along the Greenwich Meridian.
Town A is (47° N 56° E) and town B is (47° N 56° W), find:
a) the radius of latitude 56°
b) the difference in longitude, between latitude 56° F and latitude 56° W
¢) the distance between A and B, measured along latitude 56°.

3 C and D are two towns lying on the same longitude. 1f C lies on latitude

46° 36' 5 and D lies on latitude 52° 28' N, calculate:
a) the difference in latitude between C and D
b) the distance CI) measured along the longitude through C and D.
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In Fig. 6.25, A
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Nautical miles and knots

Nautical mile

Distances at sea are measured in nautical miles, so we can think of a nautical mile
as a sea mile.
id in Question 2. A New word

nautical mile {nmi): unit of distance that is approximately
one minute of arc measured along any meridian of the
Earih.

Figure 6.25

'3 ) I =] "

S = 1 nmi where § is the length of the
arc AB and R is the radius of the Earth. 5.;{%5 % D% 31442 % 6 370 kim = 1.853 kem
1 nmi=1.3853 km

fitude 56° W The knot

The knot is associated with speed of vessels at sea, kot (kn): unit of speed equal
wind speed and speed of aircraft. to one nautical mile per hour

New word

on latitude

1. Two places P and Q lie on the same longitude and are 30° apart in latitude,
find the distance between them in: a) kilometres b} nautical miles

2. Two places P and Q lie on the Equator and are 5' apart, calculate the
distance PQ in: a) kilometres b) nautical miles

3 If a train is moving at 100 km/h on a track, how fast is this in knots?

4 The Cape-to-Rio yacht race follows the course shown in Figure 6.26.

Figure 6.26

a) Calculate the distance in nautical miles and in kilometres.
b) The fastest recorded time for the race is 12 days and 16 hours. What was
the average speed in (i) knots (ii) kilometres per hour.

Time and time zones 163
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Did you know?

The new time standard for the world is called Coordinated Universal Time (UTC) (from
the French: temps universel coordonné). This has repiaced Greenwich Mean Time (GMT),
and is more scientifically defined. It is indepandent of the time in Britain, which changes
between summer and winter. However, we use GMT to mean the time denoted by the
line of 0° longitude.

Time is measured from the Greenwich Meridian. Time measured from this
meridian is known as Greenwich Mean Time (GMT) and is universal. This
is universal time in that time throughout the world is determined from this
longitude. The earth rotates once on its axis every 24 hours. This means that EVETY
24 hours the earth describes an angle of 360° about its axis.

30 24 hours = 360°

A 1hour= % =157
The earth rotates from west to east. Since 1 hour is equivalent to 15%
* for every 15° travelled eastwards an hour is gained
* for every 15° travelled westwards an hour is lost.
However, every country chooses its own time Zone, or time zones, as shown in the
time zone map in Fig. 6.27. _

Zambian time is determined from longitude 30° E, If

i : % csdgas The simple rule for
we divide this by 15° we get 2. This is why Zambian time determining time

is 2 hours ahead of Greenwich Mean Time. So when we between longitudes is:
hear the TV or radio say that the time is 14:00 GMT then “going Eﬂﬁ'tﬂdd and
it is 16:00 Zambian time. going west subtract”.

‘E}E}D,E}E}E}DE.?sl@TG E}lg-'}@illif;l{? QO
: . [ i = [ ]

e

Figure 6.27
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Worked example 6

1 If the time is 10:00 GMT, calculate the local time in the following places.
a) Madras on longitude 80° east b) Galveston, Texas, US 95° west
2 Town A is on longitude 30° west and town B is on longitude 60° east.
If it is 12:00 universal time at B, what is the time at A?

Answers

1 a) %D - 5%, this means there is a difference of S% hours between Greenwich

and Madras. ‘?r; =05 h 20’

Tl}e time in Madras is therefore 10:00 + 05 h 20' = 15:20.
b) 95 =06 h 20' The time in Galveston is therefore 10:00 ~06 h 20'=03 h 40’
2 Difference in longitude between the towns is 30° + 607 = 907

Difference in time between the towns is %5;2 = § hours

Since A is west of B, the time at A is 6 hours behind the time at B.

Therefore time at A is 12 — 6 = 06:00.

Activity 7

Consider all distances between places to be measured along the minor arc.
1 1f the time is 15:00 GMT find the time at each of the following.

a) I[P 45" east by ©90° cast c) R 120° west

d) S 144° wesl &) Lisbon 8% west fi Candala 50° east

g) Yehsien 120° east  h) Idaho 112° west.

Find the difference in time between the following lon gitudes:

a) 50° cast and 10° west b) 20° east and 507 east

c) 10° east and 170° west d) 20° 15' east and 50° 45' east

&) 25° 25' west and 50° 50" east ) 45 west and 25° 25 east

a) Explain why the International Date Line has this name.

b} The earth rotates from west to east. This means that the sun rises in the
east. Which continent and which country will be the first to start a new
day? Which island was the first to celebrate the new millennium in 20007

a) How many time zones does Australia have? Explain your answer.

b) If it is midday {12 o'clock) in London, what time will it be in Perth on the
wost coast of Australia? Explain your answer.

The US has four main time zones which it shares with Canada (Eastern Time,

Central Time, Mountain Time and Pacific Time).

a) Ifitis 20:00 in the UK, what is the time in Central Time in the US?

b) If you travelled from a place which has Eastern Time to a place which has
Mountain Time, how would you need to adjust the fime on your watch?

¢) If you travelled from a place which has Pacific Time to a place which has
Central Time, how would you need to adjust your watch?

d) If you travelled to the east coast of the US from Zambia, how woiild you
need to adjust your watch?
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Summary, revision and assessment

Summary

Euclidean geometry is done on a flat plane, while Earth geometry takes the
Earth’s curvature into account.

We use Earth geometry for locating places on the Earth’s surface and
determining distances and universal time between such places.

Lines of latitude are imaginary parallel lines that run from east to west around
the Earth’s surface. The longest of these is called the Equator and is the only
line of latitude with a radius of 6 370 km.

Lines of longitude {meridians) represent east-west location.

A great circle of the Earth is a circle on the surface of the Earth whose radius is

equal to that of the Earth. The Equator and all lines of longitude are great circle

and a great circle can be drawn at any point on the Earth's surface.

A small circle of the Earth is a circle on the surface of the Farth whose radius
is less than the radius of the Earth. All lines of latitude, except the Equator, are
small circles. There are other small circles that are not latitudes.

The shortest surface distance between any two points on a sphere is the length
of the arc along the great circle through those points.

A formula for the length of an arc AB on a line of longitude is:

AB = x 2nR simplified to —2-. 7R

.
Jod® 1808
where @ is the difference in latitude between A and B, and R (= 6 370 km) is the
radius of the earth.
A formula for the length of an arc MN on a line of latitude is:

MN = ﬁ’fﬂ: x 2nr, simplified to T;:n* x TIr
where « is the difference in longitude between M and N, and r is the radius of
the small circle of latitude through M and N.
A nautical mile (nmi) is a unit of distance that is approximately one minute of
arc measured along any meridian of the Earth.
A knot (kn) is a unit of speed equal to one nautical mile per hour
Time at different parts of the Earth differs depending on the longitude.
Times are measured from the Greenwich Meridian, 1 huur=% =15°
Times can be calculated by using the number of degrees longitude west or east
of the Greenwich Meridian. The simple rule for determining time between
longitudes is: “going east add and going west subtract”.
Every country chooses its own convenient time zones. Zambian time is
2 hours ahead (to the east) of GMT. So when we hear the TV or radio say that
the time is 14:00 GMT then it is 16:00 Zambian time.
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mary, revision and assessment (continued)

Revision exercise

BLry takes the 1 Aand B are two positions on the Eguator. Given that A lies on longitude
30" west of the Greenwich Meridian and B lies on longitude 60° east of the
e and Greenwich Meridian, calculate the distance between A and B,
Lusaka L is (28° 30" E, 15° 30" S) and Bulawayo B is (28° 30" E, 21° S). Taking
St to west around the radius of the earth as 6 370 km, calculate the distance between the two
and is the only cities as measured along longitude 28° 30" E.
i Lusaka is (287 30" E, 15° 30’ §) and Cuiaba in Brazil is (56° 05' W, 15° 30' §), find:
a) the difference in longitude between Lusaka and Cuiaba
B whose radius is b) the distance between Lusaka and Cuijaba.
Boe are great circles P is a landmark on the South Pole and ( is another landmark on
] latitude 23° north and longitude 30° west. Calculate:
whose radius a) the difference in latitude between P and
the Equator, are b) the distance P'Q measured along longitude 30 wesL
Ankara is (34° E, 40° N) and Beijing is (1177 E, 40° N). Calculate:
is the length a) the difference in longitude between Ankara and Beijing
by the radius of latitude 40°
c) the distance between Ankara and Beijing measured along latitude 40° N.
» Macapa in Brazil and Libreville in Gabon lie on the Equator. Macapa is on
longitude 52° west and Libreville is on longitude 10° east. A plane leaves
70 km) is the Macapa for Libreville at 13:45 and travels at 500 km/h, find:
a) the distance between Macapa and Libreville
b) the time to the nearest hour taken by the plane on the trip.
c) the time in Libreville when the plane arrives.
§s the radius of China covers a span of sixty degrees longitude, but has only one standard
fme 20ne.
a) Find the lines of longitude on the map and write down their references.
b) If the sun rises at 5.30 a.m. in the most eastern part of China, at what time
does it rise in the most western part of China?
¢) If the sun sets at 7 p.m. in the most western part of China, at what time
does it set in the most eastern part of China?

¥ one minute of

e west or east
e between

i fime is
fradio say that

Topic & Sumimary, Tevision and assessment 167




Summary, revision and assessment (continued)

*8 |Extension| The Antarctic Circle has latitude 66° 5, Assessment
1 Town A has co
and B are on &

a) the valueg
b) the radiusy

c) the distang
d) the distang
along the g

2 In Fig. 6.29, Al
with centre €.

N and § are tie
Given that ACH
a) AC, the rad
b) the length
¢) the distans
d} the lengthy
e) the lengthy

‘..

———

(agkan

{ i

Figure 6.28

a) Calculate the distance from Dumont d'Urville to Mirny in nautical miles.
b) If a small aeroplane flies from Dumont d’Urville to Mirny at an average
speed of 90 knots, how long will it take?

a) the time at $
b} the differens
c) the time att
d) the different
e) the time at §
) the differens
} the time at&
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immary, revision and assessment (continued)

Assessment exercise

1 Town A has coordinates 46° E, 60° N and Town B 2® W, 6(° N, Given that A
and B are on the opposite sides of the Earth, calculate:
a) the value of x
b) the radius of latitude 60°
c} the distance between the towns measured along latitude 60°,
d) the distance between the towns measured.

along the great circle through the North Pole.

In Fig. 6.29, A and B are towns on latitude 34° N
with centre C. O is the centre of latitude 0° and
N and § are the North and South Poles.
Given that ACB is a straight line, calculate:
a) AC, the radius of latitude 34°
b) the length of the arc ANB
c) the distance AB measured along latitude 347
d) the length of OC

¢) the length of CN. 3 For the grid shown below, find:
Figure 6.29

5

i nautical miles.
4t an average

i o 3 0* 3ge

a0

the time at A if it is 04:00 hours at B
the difference in time between C and D
the time at C if it is 15:42 at D

the difference in time between E and F
the time at ¥ when it is 05:25 at F

the difference in time between G and F
the time at G when itis 00:36 at T
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Summary, revision and assessment (continued)

h) the time difference between | and H
i) the time at [ when itis 17:55 at H
j) the time difference between E and K
k) the time at K when itis 17:55 at E.

4. On a Monday at 06:40 a plane leaves a stationary aircralt carrier A on
(207 5, 307 W), flies east at 450 knots and lands on another stationary
carrier B on (20° §, 90° E), find:

a) the radius of latitude 20° south

b} the distance in nautical miles between the carriers
c) the time taken by the plane in flying from A to B
d) the difference in ime between A and B

¢} the day and time at B when the plane lands.
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Introduction to calculus

Sub-topic Specific Outcomes

Differentiation Explain the concept of differentiation. '
Differentiate functions from first principles.
Use the formula for differentiation.

Calculate equations of tangents and normal.

Integration Explain intagration.

Find indefinite integrals.

Evaluate simple definite integrals.
Find the area under a curve.

Calculus is the basis of advanced Mathematics, as it deals with changing situa-
tions. The two main concepts are differentiation and integration.

Starter activity

Scientists believe that a certain type of

bacteria grows according to the rule

n=t—6t+ 10, where n is the number

of bacteria in millions and t is the time

in seconds.

Fig. 7.1 shows the graph of the function
n =1 -6t + 10. Answer the questigns
below based on this graph. o
1 Use the graph and the equation to

find the smallest number of bacteria
during the time period shown.
Find the rate at which the bacteria are increasing during the period from
I=240f=>5.
What can you say about the portions AB and BC of the graph?
Do you see a place on the graph where the rate of growth is neither
increasing nor decreasing? Explain how you know this.
Remember what you learnt in Topic 1 about stationary points. Show
algebraically that the point in Question 4 is a stationary point.

Figure 7.1
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SUB-TOPIC1 Differentiation

In Topic 1, you learnt how to apply differentiation to find stationary points and
the point of inflection of cubic functions. When you differentiate a function you
are finding another function that describes the rate of change, or slope, of the firs
function.

We are going to study the principles of differentiation in more detail in this
topic.

The concept of gradient

Consider the following example. A learner observes the growth of a tree sapling
from a seedling. She records the results as shown in the table.

4q
10

o | 1 |23
2 |+ [ & | 8

Time ({ weeks)

Height {/i cm)

Fig. 7.2 depicts a graph of the information.

h
' 3
11} - -~ ....T .....
g | | S ‘ i
| 9
B{—— - +—i
’ Sl ) I
E 6T 1 !
= {
£ 5 ‘ ==
=} | |
- ;_': Tl 3
| [ 5
(] |
1 ! i
n | | | | -l | =
1 2 ) 4 5 &
Time (weeks)
Figure 7.2

Note that the gradient of height against time is a straight line intersecting the
vertical axis at the point (0, 2). This means that the observation started at the time
when the plant was 2 cm tall. The gradient of the line represents the rate per week
at which the plant was growing.

; ; . change in height
Gradient of the line = e

10-2

Fr
= 2 cmfweek

S0 the plant was growing at a constant rate of 2 cm per week.
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Gradient of a curve

The gradient of a curve constantly changes. The gradient of a curve at a point is

the gradient of the tangent t
| . . » tangent to the curve at the point. Consi indi i
. :}’fup; :ts and of the curve v = »* at the point P(1, 1) " PR SR aRE
chion you Let A be a variab i e
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Gradient of a curve

The gradient of a curve constantly changes. The gradient of a curve at a point is

the gradient of the tangent to the curve at the point. Consider finding the gradient

points and of the curve v = x* at the point P{1, 1).
Let A be a variable point on the curve y = *. Move point A towards point P’ to

take positions A, A,, A, and so on.

ail in this Y

Figure 7.3

Now find the gradient of line PA in each of these positions until A is as close
as possible to P. The table below shows the results as A is moved closer and closer

to [t
In the initial position the gradient of PA is given by {8 = 371 =3

Coordinates of A ; Gradient of PA = gg

(2, 4)

(1.5, 2.25)
(1.4, 1.96)
(1.3, 1.69)
(1.2, 1.44)
(11,1.21) 0.21

ed at the time
e rate per week

(1.05, 1.1025) . 01025

{1.01, 1.0201) | 0.0201
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Notice that as A gets closer and closer to P, the gradient of PA gets closer and closes

to 2. It never reaches 2, because A cannot be at the same place as F, otherwise the
ratio g‘g would be impossible to find.

So we can say, as point A approaches point P, straight line PA approaches the
tangent at B, and its gradient approaches 2.
Although we cannot find the gradient %E at PA = 0, we can get as close as we like
to this value. This leads us to the concept of a limit.

If we approached point P’ from another point on the function, C, which gets
closer and closer to P from the other side, our graph and table would look like

this:
J)'l

r

Figure 7.4

Gradient of PC = gE

Coordinates of C £

(0.5, 0.25)
(0.8, 0.64)
(0.9, 0.81)

(0.95, 0.9025)

(0.97, 0.9409)
(0.98, 0.9604)
(0.99, 0.9801)
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Differentiation from first principles
We generalise the situation by working out a formula for the gradient of a curve at
any point.

In order for a function to be differentiable at an x-value of @, a limit must exist
at a. Look at the graph of function f{x) in Fig. 7.5.

fix) s
Ad ((a +h), fla + )

g {{a + k), fla))
- a+h X

Figure 7.5

;Ea + f1) — j‘fu}
The gradient of the chord PA is A8 I’H* which is equal to =

As point A gets closer to point P, then the chord PA gets -:Imer to the tangent at

point P. As this happens #—0. The gradient of a graph fat a point (x, f{x)) is equal
to Him fla + i) fia + ) — fla)

r—>{l h

The process of finding the gradient of a curve by using small increases, which

we call i, is known as differentiation from first principles.
The formula for differentiation by first principles is:
_ flz + h) - flx)
fix) = lim—=———p
If you apply this formula to a function, you will see that it gives the same result as
the rules for differentiation you learnt in Topic 1.

. The notation 5:1510 is read as “the limit as b tends to zero”,

Calculating limits
We need to know how to calculate limits. These can be used for ordinary
functions. If you know the value of the function at the value of the limit,
then that is the limit,

50 the first thing to Lry is to substitute the value into the function. For example,
if we have fix) = + 13 and we need to find Ilm fix) then we can take the value of

this functionatx = 1.

limf{x) = 114 ';.

This function becomes very close to ¢ L when x gets very close to 1.

A limit is also useful if a function 15 undefined at a point, as in the case of
our gradient at a point. In this case, we find the limit by finding the value that the
function approaches as it gets closer and closer to that point.
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The limit of a constant function is simply the value of that constant.
For example, if fix) = 4 then |I'I'I;J fix)=4
X—#

Here are some rules for calculating limits.

+* For a function where the function value exists for that value of x, substitute the
value of x to get the limit.

= For a function where the function value does not exist for that value of x, you

. will need to change the form of the function into one for which it is defined, 2=

yvou will see in the next worked example.

Alternative notation
An alternative notation used to determine the gradient of a curve y = f{x) at any
point P(x, y)is o, W here dy means change in y and dx ﬂlLﬂﬂE changc in x.

50 the gradient nf the curve y = fix) at any point P(x; y) =

If ¥ = fix), then the notation [(x) = I;—_ denotes the first Llerivaiive of y with
respect to x .
(2} gives the gradient of the curve y = fix) at the point where x = 2.
(0} gives the gradient of the curve y = fix) at the point where x =0, and s0 on.

Worked example 1
-0 |

1 Given the function gix) = lim=—.

2 Find from first pHﬂCI[:]CS thE grachent of ﬂ]E Lurve fix) = 2x* + x at the
point (2, 10).

3 Find from first principles the gradient of the curve s(x) = 2x* - 3x + 2 at the
point where x = 4,

Answers

1 Calculate &

1 We want the limit as x—3, but we can't evaluate the function at x = 3. This a) il_r,?{?" '
is because the denominator equals x— 3, so for x = 3 the denominator would d) iin;; I6
be 0, so the function would be undefined. We have to change the form of ) ;1;1
the function: (_,\ 8 2 =

o e—3Tx -+ 3) - oy : ' Differential
EEH e (Factorise the mumerator and cancel the common terms.) a) y=ol
= lim{x +3) (State the restriction: x = 3) <) y=4-3

llm{x+ 3)=6 c? s= 20
3 - 3 3 Find the g=

We cannot let x = 3, but we can make it as close to 3 as we like. a) y=4x4
So as x tends to 3, the limit of the function is 6. c) i= g_}

2 We need to use first principles to find f'(x), which means we apply the ) s=208
formula: .

: fix + i) - fix) e ) y=2x%
Filay = ﬁTmﬂx}—h + X ) s=am

1 75 Topic 7 Introduction to calculus




Worked example 1 (continued)

I.,{x} = llm%u + HPF + (x + H) = (22° + x)

h
l E[x'+2xh + h‘:l X+ =207 =x
¥ f—ad)

o x, substitute the 20 dah + erz-t,x”h Pl

= ];lm
=
hmdfx.‘: + 2R+

=0 h

Bt value of x, you

ich it is defined, as = limi4x + 2h + 1)
Ty}
=4x+1
Atx=2,1(2)=4(2)+1=9
e v = fix) at any ~. the gradient of the curve at (2, 10) is 9.
; .I'Ix+h} —fix)
ge in x. 3 ﬁppl}f fiix= Ilm tosx) =2y =-3x+2

= hmg{._\_:-*ri_r‘r’ _3[4_!:&_-,!}+2- Zx'+3x+2)

tive of y with i) h i
= limz{x’ + 270 + Xl -!-__,E*_{l_ +2xlr‘_¢ B -3x—3h+2 -2 +3x-2
h—s{} I

-
= + O+ 6+ 2R A = 32T 2 A =
0, and so on. hmj{ i

= hméx “h o+ Gxl® + 2R =30
b= h

= lim (6x> + 6xh + 22 = 3)
=)

=6xE-3
At x = 4, the gradient ['(x) = 6(4)* -3 = 93.

1 Calculate the following limits.
flat x = 3. This lim(2x + 5) b) ilm{r— 3x) ©) lim(x + 1)(2x -1)

mominator would lim16 e) lim’= f) hm"- -1

r—0x—1
the form of hm L] i) lim IR 5x 42
7 & —3 o 4 e | ¥4+ 1
1ffLIent1dtr: the following using first principles.

a) y=2x+3 b) y=3x-2

¢) y=4-2x d) y=22+

el s=2H_-5 ) y=7x-2x*

Find the gradient at the given point by using first principles.

a) y=4x+3;(1,7) < b) y=2x+6,(0,6)

) y=9-2x; (2, 5) d) y=2"+1;(-13)

€e) s=3-7t (2,-2) f) y=4x—2a%(1,-5)

g y=2x"—4x+4;(0,-4) h) v=££+2t+3; (-2, 3)

1) s=2-2t-£(1,-1) ) s=t-1%5(1,3)

on terms.)

Sub-topic 1 Differentiation




Differentiatior
The rule for diffes

Differentiating using the formula
Ify=

ax" where @ and n are constants then

POWETS.

dy ;
— = faxt!
ilx

This is the rule that vou used in Topic 1 for differentiating any algebraic function
of the form y = f{x). This is much faster than using first principles, so we usually
use this method (unless a question specifies using first princ iples).

' Worked example 2

Use the differentiation formula to do the following.
1 Differentiate 3x*.
2 Differentiate 4x° + 5x.
| 3 Find % if s =26~ 4 + 6.
Answers
1 Lety=3x}
% =4 x 3!
= 12
2 Let y = 4x* + 5x and then apply the rule to each of the terms.
: %-Zxér o et =L
= 8x + 54° \
=8x+35 (x¥=1} ﬁ'
3 First write 2 — 41 + 6 as 2F - 4#° + 61° and then apply the rule to each term.

1 Differentiate

Therefc:re “‘5 3x28-"-2 x4 "4+ 0x 617! ¥ 2 IS
= x d} .}.- - x: i *
‘ -5;& 8¢+ 0 g) y=1-24
| Ll 2 Differentiate
a) y=8x
In general, the derivative of a constant is 0. You can do the multiplication and d) y=2x+
subtraction operations mentally, as in the following example, g) v=2-1-
=2
Worked example 3 ) ; .
' e grad
Differentiate 3 + 5x — 2x°, I y 8
a) y=2x"=8
Answer c) y=vx+1
The derivative of a function is the gradient { ) of the function. e) y=2=8
lcty—'i+5.1f 2pd ;"'-_'.::l s=P =13
2 20+5-6r=5-6x 4 1ffix) =305
Therefore the derivative of 3 + Sx - 2x*= 5 - 6% a) Ex}‘
5 Determine th

point whers
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algebraic function
50 we usually

& to each term.

Miplication and

Differentiation of fractional and negative powers
The rule for differentiating integer powers also applies to fractional and negative
powers.

Worked example 4

1 Differentiate y = 6vx* + 2vX with respect to x.
rend B ifs3 1
2 l*l!'u:f.ﬂrr 1f3‘,z 3
Answers
1 p=6vVxF + 2vx
y:ﬁx;.q-h_jz.
ar _3 el ] 30
L——=Z xBX o ox 2y
dx 2 ] | =
=0x2 4 x2

Differentiate the following functions using the formula.

a) y=2x b) y=2x+3 ¥ ¢) y=2x°

d) p=x"—4x e) s=21-F N s=3r+4t-5
g y=1-2»* h) y=32*+2x-6 ]L" i) y=(2x+1)
Differentiate the following functions with respect to the variable.

a) y==8a2 b) y=2-4x* c) ¥y=3x"-2x+4
d) y=2x+ 3 e] y=3x"-2x" fl s=F-3t+4
g) v=2-1-F h) y=x3-3x%+ 22 i) s=2t7+4r-5
) y=92-% k) y=x--t ) y=oot 24X
Find the gradient of each of the following curves at the point indicated.

a) v=2x*-3x, (2, 10) b) y=4-3x-2x°, (0, 4)

c) y=+vx+1,1(4,3) d) s=5-41 (-1, 9)

e) y=2x*-3x+5,(2,7) f y=2Vi+,(1,3)

g) s=£-1,(1,0) h) s=1-1%(-1,2)

If fix) = 3x* — 2x* + 2x — 4 calculate:

a) () b) (2) o) £1(0) d) f-1)
Determine the gradient of the tangent to the curve y = x* - 3x* + 2 at the
point where x =1,
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Activity 2 (continued)

6 Determine the gradient of the tangent to the curve s = 2 — 3f — 4 at the
point where t = (.

7 Find the coordinates of the point on the curve ¥ = 4x — x* where the gradiens
is zero.

8 Find the coordinates of the point on the curve ¥ =4x + x* where the gradiens
is 8.

9 Find the coordinates of the points on the curve y = x* - x* - 6x + 2 where the
tangent is parallel to the x-axis.

The Chain, Product and Quotient Rules for
differentiation

The Chain Rule (differentiation of a function of a function)
If y = au', where u is a function of x, and 4 and n are constants, then

i
d}=na“,r Tx_;fnﬂr_‘:rj_ =% doe.

dx dx gy du dx

Worked example 5

1 Calculate * ify=42x-3),
2 Dcl;errﬂme the gradient of the curve = 2VE + 3 at the point where t= 1.
3 Find the points on the curve VY o— h ;7 Where the gradient is 0.

Answers
1 y=4(2x-3)®
Let u=2x-3, s0y=4u°
44 _ 5 and == 32w’ = 32(2x - 3)7

=3Z2(2x -3V = 2
= 64(2x — 3)7
2 x=2\Fi3 :
letu=0£+3,s0x =22

T NE:3

dy 2w
th t where =1, ~ =
At the point whe T p—
So the gradient of the curve at the point where t=1is 1.
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Worked example 5 (continued)

e = 2 oL A
3 Wﬂtﬁ!}_x\_ax._._daby_Z{x 3x' -4
here the gradient [.L‘t u= x-“' —3x* -4, m y 2u!

3f — 41 at the

ere the gradient
= du
==2(x* - 3x* —4)" = (3x% - 6x)
_ -2{3¢ - &)
(-3¢ 47
If the gradient is zero, then:
23¢-69 _ g
= 37— 4R
S=2(3xr 6% =
s 3xx—2Z)=
Sx=Dorx=2
IEx= 0, y= |._

6x + 2 where the

x=2y=5
[
Therefore the grachent is zero at the points (0, — } and (2, - } 7

The Product Rule
If y = uv, where u and v are functions of x, then:

fi'l- }(du
Worked example 6

Find 2 if y = ¥2x + 1

;i'x

Answer
Letu=xand v="2x+1
d“ E.xzmu:ldL '(2x+1} x 2=

(Use the product rule to find % first)

fzxﬂ'

+V2x+ 1 x 2%

The Quotient Rule

If y = %, where u and v are functions of x, then:
.L,:.fn v
d}.- de

dx o
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Worked example 7 Worked exa:

Differentiate y if y = 2X=3

=gy
Answer
letu=3x—5and yv=x*—4x
..ﬂ—?:and‘f"._zx 4
du d" at the points
o et i
- 52 a) the -'...
oy (f—dx) x 3 —(3x—5)(2x + 4) -
s (xF — dx)*
_ Ay 3xt- 10x+ 20
5 e (2% —'dx)?

1 Find 2.
a) y=(2x+ 9w b) y=(3x-2)*
c} ¥y=(3-5" d) y=(2x—x%" ;
¢ y=vx-3 f) y= ?_—421 J So the gradie
Find the coordinates of the point on the curve y = (2x — 9)* where the Gradient of
gradient is equal to 0. :

3 Differentiate.

a) x%x-35) b) (St—3){# +4) ¢) (x-x%(3-x)

d) xvW7x-3 €) (9x-2342—x) f) V5t+1(3t-8

Find the coordinates on the curve y = (x — 3)(x — 1)’ where the gradient is

equal to 0.

Calculate —.
.rlx

Ay y= x+9

d y=JSz% € y=

22+ x

At thep o i

3
= 0 y-:7
I—:r <
x+‘-'?x

6. Find the gradient of the curve y = 2 at the point (1, 31; ;

\'51+-1

Calculating the equations of tangents and
normails o y=fix)

At a point of contact, the tangent and the tangent
normal to a curve are perpendicular to each
other. Fig. 7.6 shows curve y = f{x) and its

tangent and normal at point I
—

It the gradient of the tangent is # then the =

gradient of the normal is -2% or -—3}—.

n v
Bx Figure 7.6
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Worked example 8

@ Find the gradients of the tangent and the normal to the curve y=x*+2x + 2
B at the point (2, 10).

2 The diagram shows part of the curve
y= ﬁ The tangent and the normal to
the curve at P(1, 1) intersect the x-axis
at the points R and Q respectively. Find
a) the equation of the tangent at P
b) the equation of the normal at P

c) the area of APQR.

:

At the point (2, 10), gradient=2x 2+ 2
=4 +2
=6
So the gradient of the tangent at the point (2, 10) is 6.
Gradient of the normal = -% = —% =
dx
a) y= 2 EJr
£) (x—-x%)(3 - x)* dr . 1
e e dx  (Z-x) ;
;i;u:i'; 2 At the point (1, 1), % =
.. gradient of the tangentat P =1
Equation of the tangentisy-1=1{x- 1)
or y=2X

b) Gradient of the normal at P= — 1__1_,

dy 1
Equation of the normal at P is y=1 = -1(x 1)
y=2-x
To work out the area of APQR we need to find the coordinates of the
points Q and R and the lengths of PO and PR.
The coordinates of O are (2, 0}
The coordinates of B are (0, )
Length of PQ = (1 - 0)% + (1 — 0)% = V2 units
Length of PR = (2 — 1)+ (0 — 1)* = ¥Z units
Area of a triangle = 1bh

=%I\f§x\|§

=]
Therefore the area of APQR = 1 square unit.
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1 Find the gradients of the tangent and the normal to the curve at the points
indicated.
a) y=x'-d4x+2 (0, 2) b) y=x'—x (2, 6)
) y=18_2y (1, 14) d) y=24x-3x* (0, 0)
Calculate the equations of the tangent and the normal to the curve at the
given point.
a) y=x—-dx42 {0, 2) b) y=at—xn, (2, b
ey p=2_2y (1, 14) d) y=24x—x* (0,0
Determine the equation of the tangent and the normal to the curve s = }
at the point (-1, =2).
Find the equation of the tangent and the normal to the curve y = 3x - j at
the point where x = 2.

Applications of differentiation

In the real world, we apply derivatives to the study of rates of change, in particular
to velocity and acceleration.

Velocity

We have learnt that displacement is defined as the distance covered in a specified
direction.

Velocity is defined as the change in displacement with respect to time.

displacement

Vo e

If the displacement covered in ¢ seconds is x metres, then velocity is expressed

mathematically as

— dx
Tt
The unit of velocity is metres per second (m/s).

Acceleration

Acceleration is defined as the rate of change of velocity with respect to time.
change in velocity
time taken

Acceleration =

If the velocity is v, then acceleration a is expressed as
_ v
E

_dx
but v= =

d'x
i
50 we see that acceleration is the second derivative of displacement,

The unit of acceleration is metres per second per second (m/s?).

50 a=
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Worked example 9

1 An object moves in a straight line so that at time t seconds, its displacement
x metres from a fixed point O is given by x = £ — 3t + 2, calculate:
a) the initial displacement of the object
b) the times when the object is at O
¢} the velocity of the object at time ¢
d) the velocity of the object when = 1. i
The distance s metres travelled by a particle moving in a st raight line in time
£ seconds is given by 5 = * = 512 + 8t, calculate:
a) the initial velocity of the particle
b) the times when the particle is momentarily at rest
c) the time at which the object is moving with constant speed
d) the time at which the acceleration is 2 m/s?.
An object is projected vertically upwards and its height, i metres, from the
point of projection at time t seconds is given by h = 20 + 8¢ - 5£, find:
a) the height from which the object was projected
b) the velocity of projection
c) the highest point reached
d) the acceleration of the object.

i particular

a specified Answers

1 a) To find the initial displacement, we substitute t = 0 in the displacemnent
function.
X=(—3f 12
Substitute f = () into the equation.
x=0-3x0+2
e
50 the initial displacement is 2 m.
If the object is at O, then x = 0, since displacement is measured from O.
Substituting x = 0 in the displacement function we get:
F-3t+2-0
(f=1)t-2)=0
=1 orts2
5o the object is at O after 1sor 2 s.
X=PF_3t+2
r= lj:: =2t-3
5o the velocity at time tis 2t — 3.
v=21-3 ift=1
p=Fer] — F=—1]
50 the velocity when £ =1 i5 -1 m/s.
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Worked example 9 (continued)

2 a) s=r_5£+8¢ :

s =
vucﬂ,_3tz 10t + 8

To find the initial velocity we substitute f = 0 in the velocity function.
Ly =3x0P-10x0+8=8
So the initial velocity is 8 m/s.

b) The icle is momentarily at rest if the velocity is zero. ERE=
iR :
(3t—44t-2)=0 1 Given th
t=1lort=2 time i

c) If the particle is moving with constant speed then the acceleration is a) thet
ZET0. b %m
v=3F—-10i-8§ c) thed
a=2-6t—10 2 The disti
Substituting a = 0 we get: time Fse
6t-10=0 Calculat

s t=125 a) thed

The particle is moving with constant speed at t = 12 s. b) thed

d) a=6t- 10, substituting a = 2 we get: ‘ ) thed
2 =6f—10 3 A particl
6t=12 X metres
=2 Calculat
The acceleration is 2 m/s® at time 2 seconds. a) thel

3 a) h=20+8t-5F b) thet
To find the point of projection from the ground, substitute t = 0 in the c) thew
function h: d) thew

o =20 +8 x0—-5x 0 4 The disp
=2 time i s&

So the object was projected at a height of 20 m above ground level. Calculats

b) v= _jfj a) the i
=8~ 10¢ b) the &

c) thet

At the time of projection t=0

AV =B-10=x0=8 d) mfﬂ
The velocity of projection is therefore 8 m/s. 5 A partich
c) At the highest point reached v = 0 so we substitute v = 0 into the velocity ground &
function: a) Expl
= 8—10t=0 gro
gk b) Find:
En ot z
The object reaches its highest point at £ s. e
= -
ii) th
c) Shows
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Worked example 9 (continued)

fe=2, h=20+8x(f) - 5x(8?=20+6% -31=232

So the highest point Ieached is 23.2m fn::-m the point of projection.
d) a=%=_10

50 the acceleration is constant at —10 m/s®.

1 Given the function x = £ - 5t + 6, where x is displacement in metres and ¢ is
time in seconds, calculate;
a) the times for whichx=0
b) "—— and state what it represents
C) the time when % a't = (.
The distance, x metres, travelled by a particle moving in a straight line in
time f seconds is given by x = 2 - 3f - 4.
Calculate:
a) the distance travelled in 1 seconds
b) the distance travelled in 2 seconds
c) the distance travelled in the 2nd second.
A particle moves in a straight line so that at time ¢ seconds, its displacement
x metres from a fixed point O is given by x = 3£ + 2t - 5.
Calculate:
a) the initial displacement of the particle
b) the times when the particle is at O
¢} the velocity of the particle at time ¢
d) the velocity of the particle when = 1.
The displacement s metres travelled by a particle moving in a straight line in
time t seconds is given by s = 1* - 51* + 8.
Calculate:
a) the initial velocity of the particle
b) the times when the particle is momentarily at rest
¢} the time at which the object is moving with constant speed
d) the time when the acceleration is 2 m/s2.
A particle is projected vertically upwards and its height, h metres, from the
ground after time ¢ seconds is given by h = 10 + 8 — 5¢°.
a) Explain how you know that the particle was not projected from
ground level.
b) Find:
i) the height of the particle after 2 seconds
ii) the velocity of the particle after 1 second
Show that the acceleration of the particle is constant.

3 the velocity
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SUB-TOPIC2 |nhtegration Calcula
L Consider th
s o ) ) . Sirnilarly
Integration in Mathematics is often described as the reverse process of differentiation. equal to 2.
We have alrcady seen how integration is used to find areas under curves,
To find the
The antiderivative or indefinite integral [(2x + 3)dx =
You have learnt that if ¥y =x% then the derivative d—: =2 3
Similarly, the derivatives of x*+ 4 and x*+ 10 equal Zx as well. It's a good id
30 if we want to know what equation 2x is the derivative of, we find that there back to the &
are a number of equations that satisfy this requirement, so we need to represent
the answer by adding a constant €, to x2. The rule &
We say that ¥* + C is the antiderivative or indefinite integral of 2x. Jaxdx =
Integration is the reverse process of differentiation.
Soif :5 = fix) defines the gradient (derivative) of a curve at a point, we integrate The variable!

fix) with respect to x in order to find the

is flx).

equation of the curve whose gradient

We cannot &
different valy

The symbol [ means “the integral of”,
respect to x.

so [fix)dx means the integral of f{x) with

Differentiate
m’—\ Rate nfchangeJ

of quantity

Integrate

Figure 7.8

S e e n s SRS el -
integral: the area under the graph of a function; it is found by calculating the
antiderivative

integration: the process of finding the integral

Explanation of the integration notation
Consider the integral for distance [w{f)dt

This represents “delta
This sign means that we ﬁmﬁmh Eeans “ctii':aa:gg.h
need to integrate ] : e”. It shows at we are
H-I V(t)dt Ml‘oak;‘ng at a particular time
- interval,
This indicates the area under (It does not mean d x 1)

the graph of W!) which we
need to integrate
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Calculating the antiderivative (indefinite integral)

Consider this example where the derivative of x> + 3x + 10 = 2x + 3.
Similarly, the derivatives of x* + 3x and x* + 3x + 30 and ** + 3x — 4 are also
equal to 2x + 3.

== of differentiation.

To find the antiderivative we need to reverse the process:

J@x+3)dx =20+ 3N ¢ [note that 3 =3

=x+3x+C
It'’s a good idea to check your answer by differentiating the antiderivative to ot

we find that there back to the derivative.

BEed Lo represent
The rule for {:alculuting the antiderivative is:

faxmdx = ‘“"  + C where a, n and C are constants and n = -1,

point, we integrate The variable C is called the constant of integration, or the arbitrary constant.
ose gradient We cannot find the value of C from the formula alone — it could take on some
different values. We will learn how we can do this later in this topic.

New wurd

arimrary constant: a symbol that can have various w.ralues but which is not affected by
changes in the values of the variables of the equation.

Worked example 10

1 Calculate the antiderivative.

a) [3x’dx b) [(3x— 4)dx
2 Integrate,

a) [(x?— 4x + 5)dx h)’ b2

3 Find the equation, in general terms, c:f the curve whose gradient is given by:

:EL— =23 + 3 — 4x.

gral of fix) with

Answers

1 a) j3x2dx-'—3,;"'— C
X
3

i
=
+C
=x'+C
b) [(3x — 4)dx = [3xdx — [4x%dx (Note that 4 is written as 4x%)
e il L C
1+1 0+1
= 3% —dx +0
Note: the process of adding 1 to the power and dividing by the result is
usually done mentally to avoid multiplicity.
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Worked example 10 (continued)

2 a) Stx‘=4x+5)dx=?§-%+5x+c

1 Integrn
=%"—2x“-+5.¥+£' 2) J&
b) fix
b) PE28-3n (604 2y 3)dx  Divide each term by .
=k c) [
e =+ S Ix+C
" = xf +x2-3x+C
3 d——i =2x* 4+ 3x? 4y Integrate both sides of the equation DEfII'I'itG
dy with respect to x.
Id__xd" = [@x* + 332 4x)dx Ifix)dx is an |
fdy = [(22° + 3x* — 43)d e
2,38 4 . Ifixdxis
==t A6 i
PRy = ,rfn_:fmﬂtab,
y=-§+x-*—Zt+C v
Theorem: __fm
Integration of functions with fractional or negative powers
The same formula is used to find indefinite integrals of expressions with fractional
POWers or negative powers, Worked e

Worked example 11

1 Find the
1 Integrate Jtvx - Zyax e
2 Integrate (= 2 4 3¥i)dy
Answers

3 Evaluate

T (V% = 2)dx = (- 2¢ ¢ ﬁﬂsgm's
Je ,j:_ 5 EII o 1 {x-dx
zn
= %ﬁ +£4+C
2 [ ﬂ% — Ti + 3 )dx = _[f*f.ri -sz-é + 3z )y
S
BB NS

=12V — vz + S, ¢
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1 Integrate.
a) [(x: - Lydx

by J{x- -% + 3Vx")dx

. L 1
¢) [(Baz+ 3,09

Definite integrals

[fix)dx is an indefinite integral, i.e. the limits of integration are not given. We
insert the constant of integration because the limits are not known.

I fix)dx is a definite integral; the function f{x) is to be integrated for values of
x from a to b, where a is the lower limit and b the upper limit.

&
Theorem: ]:,ﬁ:x)dx = [F{x) + (J]g _

= F(b) - F(a) ® Flx) is the integral of f{x).
* In a definite integral the constant of

integration di ;
Worked example 12 e e

with fractional

1 Find the vaIu:e- of Ixzdx
2 Evaluate I{E.x 3)dx.

3 Evaluate _[{2\"? = ﬁ}‘ﬁ
Aﬂ.’i!’\rﬂs
1 Ixzdx = [x_T
[2‘ 3
=5 l
3

- 2%

2 i(Zx = 3)dx = [x* - 3x]%,

= [(2)* - 3(2) - ((-1)* - 3(-1))]
=&

L] o
o L L I _r
3 j(zvr- ﬂ.}dr_f{z.tz — £ 3)df
[4“- zzzJ

[{“”’—z ?‘-} n;‘“‘“ 2 x 43)
=(36-6)— - i)

= hal

-2:!3
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1 Integrate these linear functions.
a) [(x+35)dx b) [(4x + 5)dx ) [(6x—3)dx
d) (3 - 8x)dx € [(1—x)dx f) [9dx
Integrate these quadratic functions.
a) J(2x® + Bx)dx b) J(10x* + 6x — 3)dx
c) J{6x®-2x + Pdx d) J(5—6x - 3x%)dx
) [BxX-dxgy £ J(6vx — 2 + 4)dx

g) J(12x* - 2x* — 8)dx h) ‘[&x‘f_{‘;?dx
Evaluate the integrals between the given x-values.

1 2z z
a) ixrix b) £xﬁdx c) JE“‘ 1)dx

I 2 0
d) _jlqsxz + 7)ex e) i (2x — 6x%)dx f) I (2x — 6xV)dx

A 3 A
g) [ (6x? + 8x)dx h) J} (4x — 9x%)dx i) !{31’3 + 2x— 5)dx

Given that [(9x% — 4x + 10)dx = ax® + ha? + cx, where a is a constant, find the
integers a, b and c.

A curve is defined by ::—i =3 + 4x — 124% Given that the curve passes through
the point (1, 2), find the equation of the curve.

Area under a graph

In Topic 3 vou saw how to approximate the area under a curve.
The area bounded by the curve y = fix), the x-axis and the values x = g and
&

x = b, is given by A = [ydx
y=1x)

i

v

Figure 7.8
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Worked example 13

1 Find the area bounded by the curve y = x? + 1, the x-axis and lying between
L 3)dx x=0andx=2.
. 2 The diagram shows part of the curve y = x* — 4x.
Find
a) the coordinates of the points A and B ) = /’13,
b) the area of the shaded region. LT X

Answers

1 The curve y = x* + 1 is as shown below.

)

¥a

Figure 7.10

y=x2+1

— 1)dx :
-6 szd_x _/:/

B - 2x — 5)dx -—

0 2

=

stant, find the

L 3
Figure 7.11
passes through

& x =a and =[§+2-0+0)]
= 4% units?
2 a) Atthe points Aand B, y=0
x4y =0
Lx(x—4)=0
Zx=0orx=4
S0 the coordinates of A and B are (0, 0) and (4, an.

]
b) A= [ydx

£
= I{xz —4x)dx

o= [?{ - 2.1'2]“
=(4-2x49-(0-0)
- _m%

The area is 11}% square units.
Note: The negative sign shows that the area lies below the x-axis.
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1 Find the area bounded by the curve and the given x-values and the x-axis.
a) y=2x+3,x=1,x=2
b) y=x*+2,x=2andx=3
o) y=x-2¢x=1,x=1
d) y=x*-x-6,x=3andx=4
e) }Jr)f—c‘l,xz{]',xzz
f) }-=§,-_+x,x:2,x=3
2 Find the area bounded by the curve y = 3x* — 2Zx - 5 and the x-axis.
3 The diagram shows part of the curve y = 2x* - 18. The curve crosses the
x-axis at A and B, find:
a) the coordinates of the points A and B
b) the area of the shaded region.

Figure 7.12

4 The area shown shaded in the diagram is 26 square units. Find the value
of a.
Y4

y=ax*+3

Figure 7.13
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Revision

Calculate.

. Xra B
- lﬂ?x—-z

b) lim =t
¢) lim==%%
-3 =
Differentiate §
a) y=x-2%
b) v= 2r -2
c) s=5-—3=
d y=2-2-
Find the poin
Find the equa
point (2, -3k
The distaneces
t seconds is &
a) the distan
h) the distamn
<) the distamn
Find the area’
y yu

Figure 7.14a
Calculate.

a) [(1-x—8&
b) J(x*+x=1
c) J(4vx - %_;j
d) [(4x*—2x)



‘Summary, revision and assessment

and the x-axis.
Revision

1 Calculate.

Differentiate by first principles. -~ ./

a) y=x'-2x-4 dr,j;:"

b) v=28-2t+3 -

c) §=5-3t_ 28

d) y=2-x-x*

Find the points on the curve y = x* — ¥* — 5x + 4, where the gradient is zero.
Find the equation of the tangent and the normal to the curve y = % - x% at the
point (2, -3).

The distance, x metres, travelled by a particle moving in a straight line in time
t seconds is given by x = + 2£ - 3¢, ind:

a) the distance travelled in two seconds

b) the distance travelled in three seconds

¢} the distance travelled in the third second.

Find the area of the shaded regions in Fig. 7.14 .

pd the value

¥ y=x+1 ¥ y=1l6-17

Figure 7.14a Figure 7.14b

Calculate,

a) [(1-x-6xhdx
b) (22 +x—7)dx
¢) [(4vx — 2y
d) Jidx® — 2Zx)dx
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Summary, revision and assessment (continued)

Assessment
""@ Differentiate by first principles:
a) fix)=-dx> v
b) y=x*+ Exj—ﬂx+4
: ilite X AE g
2 a) Calculate == if y = A

xi.'
2.-

i b) Calculate f'(1) if flx) = (7x + 11~
(3 a) Find the gradient of the tangent 1o the curve fix} = x* — 2x* + 6 at the point
where x = 1.
b} Find the coordinates of the point on the curve fix) = 4x + 2x* where the
gradient is 4.
) Find the coordinates of the points on the curve fix)=-2x*-3x2-4x+5
where the tangent is parallel to the x-axis.
4 Iffix)=x'—3x*+ 2x -5, find:
a) f'ix)
b) [(-1)
<) fi3)
5 An object moves in a straight line so that at time ¢ seconds, its displacement
* metres from a fixed point O is given by x = £ - 5t + 6. Find:
a) the initial displacement of the object
b) the times when the object is at O
c) the velocity of the object at time ¢
d) the velocity of the object when t= 1.
6 Calculate the following definite integrals:

s
ir 3y

2
h] :FIEII:'+

X

0

c) J'[:,Jx— + \n'x'de

1
7 The area bounded by the line y = 2x + 3 and between x = g and x = 3 is
20 units®, Find the value of a.

8 1t Y

p

2 - x—x% find y in terms of x, given that when x = 0, y=2.
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Glossary
LA

arbitrary constant
various vahees, b
changes in the ¥
cquation. 189

asymptote: A Hnes
never reaches, 2

Cartesian plane e
containing the 55
collinear: lying on
congruent,/isomets
transformation &
and dimensions o
constraints: the o
in an optimisstios
cubic function: s

of 3. 7

[ D]

derivative: the dese
equal to the gradis

differentiate: to G
function 3

LE

climination: solving
climinating (gettin
by doing operatios
combining them

free vector: a vectos
in position of a pos
plane. &5

head: terminal (emdl

hemisphere: half of
has been sliced in
middle) 150

[ 1 ]

integral: the ares o
is found by caloulas

integration: the peoss
integral 188

knot (kn); unit of s
mile per hour 163

logarithm: The logan
exponeint to i
pregiuce the m
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